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ABSTRACT
This study was concerned w ith  the e f fe c ts  o f  a s p e c ia l ly  
planned mathematics program on pupil achievement in e ig h th  grade  
mathematics. This specia l program combined thfe t r a d i t io n a l  course 
w ith  content c a r e fu l ly  se lec ted  from the "new" mathematics.
The e ig h th  grade teachers and pu p ils  from twelve w h ite  
p u b lic  schools in S t .  Landry P ar ish , Lo u is iana , p a r t ic ip a te d  in  
the study . Teachers were p a ired  and grouped on the basis o f  
degrees he ld , years o f  teaching experience , years o f  teaching  
e ig h th  grade mathematics, and t ra in in g  in the "new" mathematics. 
Students were grouped in to  four q u a r t i le s  on the basis o f  the SRA 
Achievement Test in A r i th m e t ic ,  Form A, adm in istered  in September.
Meetings were held w ith  the teachers in the experimental 
group on the f i r s t  Monday o f  each month from October through 
A p r i l .  During these meetings the m a te r ia ls  in  the lesson plans  
were discussed. Each time the teachers were reminded to  use only  
the normal class period  fo r  teaching purposes and were helped to  
supplement the m ate ria l in the textbook w ith  the new content  
planned fo r  th a t month.
On the second Monday o f each month meetings were held  
w ith  the contro l group. These meetings consisted o f  discussions  
o f the te x tu a l m a te r ia ls  which were to  be taught during the  
coming month. Teachers were in s tru c te d  on placement o f  emphasis
ix
on meaning and understanding and were instructed to use only the 
subject matter content found in th e ir  textbooks.
In A p r i l ,  1963, Form B of the SRA Achievement Test in 
Arithmetic was administered to a l l  the students who participated  
in the study. The analysis o f variance was applied to the 
differences between means on Forms A and B to determine the 
significance of these differences which existed between the 
experimental and control groups.
In sixteen of the eighteen comparisons, the1 control group 
made greater gains; in two areas the experimental group made 
greater gains. When the F -tes t was applied, only four of the 
differences were found to be s ig n if ic a n t a t the .05 le v e l.  All 
s ig n if ic a n t differences favored the control group. They were:
(1) Arithmetic Concepts, Q u artile  I I I ;  (2) Arithmetic Computation, 
Q uartile  I;  (3) Total Raw Scores by Q uartiles , Q u art ile  I;  and
(4) Total Score fo r the e n t ire  experimental and control groups.
Further examination revealed differences in the effects  
of the program on the lowest and highest a b i l i t y  groups. In the 
lowest a b i l i t y  group (Q uartile  l ) ,  the students who partic ipated  
in the program planned for the control group did consistently  
better in the four areas tested than the students who participated  
in the program planned for the experimental group. Two of these 
areas were s ig n if ic a n t a t the .05 le v e l.  In the highest a b i l i t y
group (Q u a r t i le  !'.)> the students in the experimental group did  
s l i g h t ly  b e t te r  or about as w ell as the contro l group in the four  
areas te s te d .
The fo llow ing  conclusions seem j u s t i f i e d  on the basis o f  
th e  d a t a  g a t h e r e d  d u r in g  th e  s t u d y :
1. The achievement o f  the contro l group was h igher when
measured by a conventional te s t  than the achievement 
o f the experimental group.
2 . The program used w ith  the contro l group seemed b e t te r
adapted to the needs o f  the students in the three  
lower q u a r t i le s .
3 . The sm aller d if fe re n c e s  in Q u a r t i le  IV in d ica ted  th a t
the experimental program seemed b e t te r  adapted 
to the higher a b i l i t y  group than the three lower 
groups.
k .  Further experim entation  w ith  a la rg e r  sample, over 
a longer period  o f tim e, and w ith  a v a r ie ty  o f  
e v a lu a t iv e  procedures is needed to  determine the 
e f f e c t  o f the "new*1 mathematics content an student  
achievement a t  a l l  a b i l i t y  le v e ls .
CHAPTER I
INTRODUCTION
Recent d iscoveries  in science and space exp lo ra tio n s  
have caused the American p u b lic  to  become more aware o f  the  
importance o f  mathematics in d a i ly  l i v i n g .  This increased  
awareness is r e f le c te d  in the c r i t ic is m s  o f  many lay  and p ro fes ­
sional people concerning the q u a l i t y  o f  mathematics being 
presented to the youths in the schools. Implied in these  
c r i t ic is m s  is a charge th a t the schools are  not meeting the 
needs o f youth in th is  age o f  autom ation.
A major step was taken during the f a l l  o f  1960 to  help  
the schools b e t te r  meet th e i r  r e s p o n s ib i l i t ie s  when the National 
Council o f  Teachers o f  Mathematics, w ith  the f in a n c ia l  support 
o f the National Science Foundation, conducted e ig h t  regional 
o r ie n ta t io n  conferences in mathematics in various parts  o f  the  
United S ta te s .  The purpose o f  these conferences was to  g ive  
school a d m in is tra to rs  and mathematics supervisors in form ation  
th a t would enable them to  provide leadersh ip  in e s ta b lis h in g  
new and improved mathematics.
As a re s u lt  o f  these conferences many groups th a t  were 
alread y  seeking to  develop b e t te r  mathematics programs such as 
the U n iv e rs ity  o f I l l i n o i s  Committee on School Mathematics, the  
School Mathematics Study Group, the B a ll S ta te  Teachers College
Group, and the Maryland Mathematics Project, began studies which 
eventually led to the formulation of courses of study from the 
ju n io r  high school grades through the senior high school grades. 
These are the types o f courses which have found th e ir  way into  
some of the schools in Louisiana and have caused much concern on 
the part of teachers, administrators, and parents as to the 
ad aptab ility  of these programs on the local le v e l.
I t  is because of this concern for up-dating the mathematics 
program that the w r ite r  decided to pursue the present study in the 
hope that an acceptable program may be formulated to meet the needs 
of youth in the schools of Louisiana.
The Problem
The problem was to determine the effec ts  of a specially  
planned mathematics program on pupil achievement in eighth grade 
mathematics. The experimental program combined the trad itio na l  
course with content ca re fu lly  selected from the "new" or •taodern" 
mathematics.
Importance of the Study
Revision o f the mathematics program has been a much 
discussed topic among educators recently . The ch ie f concerns of 
th is group seem to center around the following needs: (1) a change 
in the mathematics curriculum; (2) a change in the approach teachers 
and administrators should u t i l i z e ;  (3) an up-grading of the 
mathematics program, especially  a t  the ju n io r  high school leve l;
and (4) a re v is io n  o f  the textbooks in mathematics which w i l l  serve  
as a guide to  teachers and a d m in is tra to rs  in meeting the needs o f  
the students o f  today.
The problem o f  meeting these needs involves curricu lum  
b u ild in g , and Hartung points  out the complexity o f  the task as 
f o l 1ows:
. . .  A program fo r  teaching a r i th m e t ic  is more than a 
set o f  things i t  might be in te re s t in g  or d e s ira b le  to  t r y ,  
or a c o l le c t io n  o f  d r i l l  m a te r ia ls .  A program must deal 
w ith  the whole problem o f  teaching a r i th m e t ic  to  c h i ld r e n .
I t  must provide fo r  a new and deeper understanding o f  
a r i th m e t ic ,  and i t  must include adequate p ra c t ic e  once 
these understandings have begun to  develop. I t  must provide  
adequately fo r  a l l  pu p ils  in the school, not j u s t  the fa s t  
learners  or the remedial cases. I t  must be s u i ta b le  fo r  use, 
w ith  minor adap ta tio ns , in many d i f f e r e n t  school systems.*
Keeping these th ings in mind, the w r i t e r  attempted through 
the development o f  a s e rie s  o f  lesson plans th a t  supplement a 
t r a d i t io n a l  course to organize a program to  meet the needs o f  a l 1 
the students in a heterogeneously grouped c la s s .  A te s t  o f  th is  
experimental program should g ive  some d ire c t io n  in  organ iz ing  
more worthwhile  mathematics programs fo r  the ju n io r  high school 
grades.
D e l im ita t io n  o f the Problem
This study was l im ite d  to  tw e n ty -s ix  sections o f  e ig h th  
grade mathematics in twelve w h ite  p u b lic  schools o f  S t .  Landry 
P arish , Louisiana fo r  the 1952-63 school y e a r .
Maurice Hartung, H. Van Engen, and o th ers , Charting the  
Course fo r  A r i th m e tic  (D a lla s : S c o tt ,  Foresman and Company, 19&0), 
p . 5 .
Defin itions of Terms Used
*frlew or Modern11 Mathematics. The terms "new11 and/or 
"modern" refer to the programs which have emerged from recent 
studies conducted in eighth grade mathematics such as the School 
Mathematics Study Group, The University of Maryland Mathematics 
Project, the Ball State Teachers College Group, and others.
Group A. Group A refers to those teachers and pupils who 
followed a regular program in mathematics using the materials  
from the textbook and supplemented by a series of units on the 
new mathematics.
Group B. Group B refers to those teachers and students 
who followed a regular program in mathematics using the materials  
from the textbook.
Special Program in Mathematics. The term "special program 
in mathematics" refers to a series of units in eighth grade 
mathematics which were constructed by the w r ite r  from materials  
drawn from many studies in the new mathematics. These units  
contained a l i s t  of objectives to be achieved, the materials  
needed for teaching the u n it ,  possible approaches to the u n it ,  an 
outline  o f subject-matter, suggested a c t iv i t ie s ,  and culmination 
procedures.
Procedures Used in Setting Up the Study
In April of 1962, the w r ite r  met with Superintendent 
Bergeron of S t .  Landry Parish, Louisiana and his s t a f f .  At that
time the proposed study was presented and permission was given fo r  
the w r i te r  to  meet w ith  the p r in c ip a ls  o f  the w h ite  p u b lic  schools 
o f S t .  Landry P ar ish .
The w r i t e r  met w ith  the p r in c ip a ls  during the f i r s t  week 
of May, 1962. A t th is  meeting the proposed study was presented  
and in response, the p r in c ip a ls  agreed to  p a r t ic ip a te  i f  th e i r  
teachers accepted the r e s p o n s ib i l i ty  fo r  ca rry in g  out the s tudy .  
Subsequently, l e t t e r s  were sent to  a l l  e ig h th  grade teachers in  
the parish e x p la in in g  the nature o f  the s tudy . A q u estio n na ire  
was attached fo r  the purpose o f  securing such in form ation  as 
degree h e ld , teaching experience, and mathematics teaching  
experience . (Copies o f  the l e t t e r  and the q u estion n a ire  may be 
found on pages 200 and 201 o f  the Appendix.) The p r in c ip a ls  were 
in s tru c te d  to ask t h e i r  teachers to  re tu rn  the qu estion n a ire  to  
the w r i te r  i f  they desired to  p a r t ic ip a t e  in the s tudy . The 
response was g r a t i fy in g  as a l l  o f  the e igh th  grade teachers—  
tw en ty -th ree  representing tw e n ty -s ix  sections o f  e ig h th  grade  
mathematics— responded fa v o ra b ly .  In the tw e n ty -s ix  se c tio n s ,  
there were s ix  hundred ten s tudents .
Procedures which were used in c a rry in g  out the study wi l l  
be found in Chapter I I .
Survey o f  the R ela ted  L i te r a tu r e
No studies  were located th a t  supplemented the t r a d i t io n a l  
program being used in 1962-63 in  the e ig h th  grade in  S t .  Landry 
P arish  schools w ith  elements o f  the “new'1 or '^nodern*' mathematics.
Many studies, however, were located that had some s im ila r i t ie s  to
the present study. For example, studies have been made which
re la te  to the preparation of elementary teachers for teaching 
2
mathematics. Studies have also been made that test in-service
procedures l ik e ly  to promote growth in arithm etic .^  A th ird
example are those studies that re la te  to the e ffe c t  of meaningful-
Zf
ness on learning. S t i l l  others are concerned with special teaching 
methods."* All of the examples contain elements that related to the 
present study but none of them tested the same variable  which this  
study tested.
Since the S t. Landry study was designed to test the extent 
to which the introduction of content from the "new" or "modern" 
mathematics into a trad it io n a l program would bring about more 
understanding and consequently more progress, the studies related  
to increasing understanding are of some in te res t . In recent years 
and p a rt ic u la r ly  since 1928, a number of studies have been carried  
out for the purpose of determining the e f fe c t  of meaningful teaching
2
M. Vere DeVault, "An In-Service Mathematics Program for 
Intermediate Grade Teachers," The Arithmetic Teacher. V I I I  (February, 
1961), p. 65.
3
Rome E. Rudd, '^Enrichment for the Talented in A rithm etic ,"
The Arithmetic Teacher. V I I I  (March, 1961), pp. 135-37.
if
Russell E. A lk ire ,  "An Experimental Study of the Value of a 
Meaningful Approach to the Operation of D ivision with Common Fractions,"  
(Unpublished Master's thesis, Claremont College, 19**9).
^Charles J. Faulk, "The E ffec t of the Use of a P articu la r  Method 
on Achievement in Problem Solving in Sixth Grade A rithm etic ,"  (Unpub­
lished Doctoral d isserta tio n , Louisiana State U niversity , I9 6 0 ) .
o f  a r i th m e t ic  on le a rn in g .  Such s tu d ies  as those conducted by 
A lk i r e ,®  Anderson,^ Brownell and Moser,® and Howard^ have shown th a t  
meaningful teaching re s u lts  in  le a rn in g  th a t  is s u p e r io r  to  th a t  
achieved under o ther kinds o f  t e a c h in g .^  None o f  these s tu d ie s ,  
however, used "new" mathematics content in o rder to  improve 
understanding.
In recent ye ars , much has been done in the area  o f  the "new" 
or '^modern" mathematics and although the recency o f  the new program 
makes a complete e v a lu a t io n  im possib le, many o f  i t s  advocates make 
ex ten s iv e  claim s fo r  i t .  Among these cla im s is the modest c o n te n tio n  
th a t p u p ils  in the "new" program do as w ell as p u p ils  pursuing a t r a ­
d i t io n a l  program when measured by conventional t e s t s .  Even though 
th is  study d id  not in troduce an e n t i r e l y  new program, i t  provided an 
c >portun ity  to  te s t  th is  conten tion  when a p p lie d  to  a t r a d i t io n a l  
program supplemented by s e le c te d  aspects o f  the "new" mathematics.
® A lk ire ,  1o c . c i t .
^Lester G. Anderson, 'Q u a n t i t a t iv e  Thinking as Developed 
under C on n ectio n is t and F ie ld  Theories o f  L e a rn in g ."  Learning Theory 
_i_n School S itu a t io n s  (M inneapolis: U n iv e rs i ty  o f  Minnesota Press,
1 9 ^ 9 ), pp. 4 0 -7 3 .
^W illiam  A. Brownell and Harold E . Moser, '^Meaningful Versus 
Mechanical L e a rn in g ."  Duke U n iv e rs i ty  Research S tud ies  in  E du ca tio n . 
V I I I  (Durham: Duke U n iv e rs i ty  Press, 19^9), P . 207.
g
^Charles F. Howard, "Three Methods o f  Teaching A r i t h m e t ic ,"  
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CHAPTER I I
PROCEDURES USED IN THE STUDY
The procedure used in in i t ia t in g  and conducting the study 
are grouped under the following topics for presentation: (1) 
selecting the schools, (2) equating the groups, (3) planning with 
the experimental groups, (4) planning with the control group, and 
(5) determining pupil achievement.
Selecting the Schools
Twelve white, public schools of S t. Landry Parish, Louisiana, 
partic ipated  in the study. The twelve schools representing both 
the urban and rural d is t r ic ts  were: (1) Lawtell High School,
(2) Eunice Elementary School, (3) Market S treet Elementary 
School, Opelousas, (4) Paul Pavy Elementary School, Opelousas,
(5) Port Barre High School, (6) Krotz Springs Junior High School,
(7) M e lv i l le  High School, (8) Palmetto High School, (9) Washington 
High School, (10) Grand P ra ir ie  High School, (11) Arnaudville High 
School, and (12) Sunset High School.
Equating the Groups
Twenty-three teachers were paired and grouped. Their pupils  
were designated as control and experimental groups.
Pairing and grouping the teachers. Teachers in the twelve 
schools were paired on the basis o f the information they supplied
8
on data sheets which they completed a t  the beginning o f  the study. 
As a f i r s t  s tep , the items o f in form ation on each teacher were
recorded on small cards. Then, the cards were matched as c lo s e ly  
as possib le  using the fo llo w in g  data: (1) degree he ld , (2) years  
teaching e ighth  grade mathematics, (3) to ta l  years teaching  
experience, and (4) in -s e rv ic e  or other teaching in the new 
mathematics. A f te r  the cards were matched, the f l i p  o f  a co in  was 
used to assign teachers to the contro l and experimental groups. 
Since there were tw enty -th ree  teachers, one could not be p a ire d ,  
so the f l i p  o f the coin was used to assign him to the contro l 
g roup.
Table I gives comparative data fo r the two groups o f  
teachers. I t  shows th a t there were f iv e  teachers in each group 
w ith  special t ra in in g  in the "new" mathematics and th a t  both 
groups had approximately the same number o f  years o f  experience  
teaching e ighth  grade mathematics. I t  shows a ls o  th a t the 
experimental group was s l i g h t ly  favored in the area o f  academic 
t ra in in g  w h ile  the contro l was favored in  to ta l  years o f  teach­
ing experience .
Grouping the p u p i ls . The pu p ils  in the rooms o f  the 
experimental teachers became the experimental group o f  p u p ils ,  
and those in the rooms o f  the contro l teachers became the contro l  
group. No attempts were made to p a ir  in d iv id u a l p u p i ls .  Instead,  
the pup ils  in each group were d iv ided  in to  four sections (or 
q u a r t i le s )  on the basis o f  an achievement te s t ,  the SRA Achievement
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Test in A r i th m e t ic ,  Form A, g iven  in  September, 1962. Those students  
in  each group whose to ta l  raw scores ranged from tw e n ty -s ix  through 
f i f t y - o n e  were placed in  Q u a r t i le  I .  Those students in each group 
whose to ta l  raw scores ranged from f i f t y - t w o  through s ix t y - f o u r  
were placed in Q u a r t i le  I I .  Those students in each group whose 
to ta l  raw scores ranged from s i x t y - f i v e  through s e v e n ty -e ig h t were 
placed in Q u a r t i le  I I I .  Those students in each group whose to ta l  
raw scores ranged from seven ty -n in e  through one hundred tw e n ty - f iv e  
were placed in Q u a r t i le  IV.
Tables I I ,  I I I ,  IV , and V show comparisons o f  the raw scores 
made by the p u p ils  in the experim ental and co ntro l groups in  
a r i th m e t ic  reasoning, a r i th m e t ic  concepts, a r i th m e t ic  computation, 
and to ta l  raw scores by q u a r t i le s  a t  the beginning o f  the study .
Table I I  shows the raw scores fo r  the two groups o f  students who were 
placed in Q u a r t i le  I .  Tables I I I ,  IV,  and V show these data fo r  
the students in Q u a r t i le s  I I ,  I I I ,  and IV,  r e s p e c t iv e ly .
The di f fe ren ces  between the mean raw scores were computed 
fo r  each q u a r t i l e .  A d i f fe re n c e  o f  A  was found fo r  Q u a r t i le  I ,
.3 fo r  Q u a r t i le  I I ,  .6 fo r  Q u a r t i le  I I I ,  and 1 . 6  fo r  Q u a r t i le  IV .
None o f  these d i f fe re n c e s  were s t a t i s t i c a l l y  s ig n i f i c a n t ,  so the  




DATA SHOWING RAW SCORES OF PUPILS IN QUARTILE I OF THE EXPERIMENTAL 
AND CONTROL GROUPS FOR ARITHMETIC REASONING (A), ARITHMETIC 
CONCEPT (B), ARITHMETIC COMPUTATION (C), AND TOTAL RAW 
SCORES AS DETERMINED BY THE SRA ACHIEVEMENT TEST IN 
ARITHMETIC— FORM A, IN SEPTEMBER, 1962
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B c Total
8 10 9 27 9 9 8 26
9 10 10 29 9 9 9 27
10 6 14 30 8 6 17 31
7 H 14 32 12 12 8 32
14 12 7 33 12 8 12 32
9 5 20 34 15 6 12 33
12 8 14 34 6 16 13 35
9 13 12 34 10 11 14 35
14 7 14 35 10 15 10 35
10 15 10 35 14 10 12 36
12 9 14 35 11 10 16 37
9 8 19 36 14 6 17 37
9 10 17 36 15 11 11 37
14 10 13 37 16 12 9 37
8 7 23 38 9 11 18 38
10 15 13 38 15 14 9 38
10 6 22 38 11 16 11 38
10 10 18 38 15 11 13 39
13 5 20 38 15 10 14 39
11 9 18 38 9 15 16 40
8 15 17 40 14 14 12 40
8 11 22 20 8 12 40
11 10 20 41 21 6 13 40
17 11 13 41 10 10 20 40
21 8 13 42 12 U , 18 ii i _  ..
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TABLE I I  (C ontinued)
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B C To ta l
16 9 17 42 12 13 18 43
13 11 18 42 11 7 25 43
13 10 19 42 13 11 20 44
16 10 17 43 X 16 5 23 44
11 10 22 43 14 15 16 45
15 12 17 44 18 12 16 46
15 12 17 44 11 15 20 46
23 14 7 44 18 12 16 46
17 11 16 44 15 15 16 46
15 17 12 44 13 7 26 46
16 14 14 44 12 12 22 46
12 10 23 45 17 6 23 46
14 13 18 45 12 12 22 46
15 12 18 45 10 19 18 47
17 14 14 45 15 14 18 47
15 11 19 45 14 13 20 47
22 9 14 45 18 21 19 48
18 12 15 45 26 7 15 48
19 10 16 45 15 15 18 48
15 16 14 45 16 17 16 4 9
14 11 21 46 15 11 23 4 9
16 9 21 46 16 12 21 4 9
15 14 17 46 26 14 9 4 9
19 11 17 V 16 16 17 4 9
19 10 18 47 13 10 26 4 9
20 9 18 47 21 16 12 4 9
14 9 24 47 20 14 15 4 9
, '9 12 16 47 14 11 24 4 9
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TABLE I I  (Continued)
EXPERIMENTAL GROUP CONTROL GROUP
A B C Total A B C Total
15 12 20 47 9 14 26 49
15 12 20 47 17 15 18 50
18 10 20 48 8 10 32 50
17 14 17 48 21 10 19 50
15 8 25 48 21 12 17 50
17 10 21 48 24 7 19 50
16 13 19 48 18 13 19 50
19 13 16 48 16 17 17 50
24 15 9 48 20 12 18 50
21 9 19 49 13 12 26 51
18 11 20 49 14 14 23 51
18 8 23 49 19 16 16 51
17 13 19 49 13 9 29 51
12 10 27 49 21 13 17 51
14 16 19 49 25 17 9 51
12 14 23 49 13 15 23 51
14 9 27 50
15 12 23 50
16 10 24 50
17 20 23 50
17 11 22 50
20 9 22 51
19 10 22 51
19 10 22 51
22 15 14 51
15 11 25 51
24 12 15 51
15
TABLE 111
DATA SHOWING RAW SCORES OF PUPILS IN QUART!LE 11 OF THE EXPERIMENTAL 
AND CONTROL GROUPS FOR ARITHMETIC 'REASONING (A ), ARITHMETIC 
CONCEPT (B ), ARITHMETIC COMPUTATION (C ) , AND TOTAL RAW 
SCORES AS DETERMINED BY THE SRA ACHIEVEMENT TEST IN 
ARITHMETIC— FORM A, IN SEPTEMBER, 1962
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B C To ta l
18 15 19 52 27 16 9 52
19 13 20 52 14 14 24 52
21 10 21 52 26 10 16 52
15 12 25 52 15 23 14 52
16 14 22 52 18 12 23 52
19 13 20 52 18 7 27 52
13 11 28 52 16 16 20 52
18 16 19 53 22 16 15 53
24 14 15 53 21 12 20 53
17 11 26 54 16 13 24 53
19 16 19 54 23 9 21 53
1 9 14 21 54 21 15 18 54
17 17 20 54 12 14 28 54
13 10 32 55 22 11 21 5^
18 17 20 55 17 8 29 54
17 13 25 55 27 14 14 55
13 17 25 55 16 19 20 55
22 17 16 55 16 14 23 55
14 15 26 55 17 15 23 55
17 12 26 55 20 13 22 55
24 15 16 55 20 14 21 55
16 14 25 55 20 13 23 56
14 13 29 56 15 16 25 56
18 12 26 56 18 13 25 56
17 14 25 56 20 9 27 56
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TABLE I I I  (Continued)
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B C Total
19 10 27 56 22 14 20 56
15 13 28 56 16 16 24 56
28 10 18 56 19 14 23 56
21 15 20 56 19 9 28 56
17 17 23 57 12 21 23 56
15 15 27 57 24 12 21 57
19 13 25 57 18 14 25 57
14 15 28 57 25 14 18 57
22 16 19 57 18 10 29 57
18 14 25 57 18 19 20 57
20 10 28 58 22 17 18 57
10 14 34 58 23 12 23 58
19 13 26 58 20 14 24 58
15 24 58 25 19 14 58
17 15 26 58 23 13 23 59
33 11 15 59 17 21 21 59
19 14 26 59 28 14 17 59
18 16 25 59 26 19 14 59
13 11 35 59 25 11 23 59
14 18 27 59 22 12 25 59
23 8 28 59 17 18 25 60
20 17 22 59 17 16 27 60
26 13 20 59 22 15 23 60
18 11 30 59 21 20 19 60
22 15 23 60 25 18 17 60
18 17 25 60 21 18 21 60
0 22 38 60 23 15 22 60
15 17 28 60 15 18 28 61
21 ....17... 23 61 22 18 21 61
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TABLE I I I  (Continued)
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B C Total
20 15 26 61 27 11 23 61
24 13 2k 61 20 20 21 61
20 12 29 61 19 18 25 62
20 16 26 62 16 22 24 62
19 15 28 62 14 15 33 62
25 19 18 62 12 19 31 62
2k 17 21 62 18 19 25 62
20 21 21 62 15 15 32 62
26 13 23 62 18 16 28 62
17 13 31 62 14 6 42 62
23 12 27 62 2k 13 25 62
17 15 31 63 21 16 25 62
22 22 19 63 19 12 31 62
19 14 31 6k 22 19 22 63
2k 14 26 6k 16 18 29 63
20 16 28 6k 19 13 31 63
16 21 27 6k 23 14 26 63
22 20 22 6k 23 14 27 64
20 17 27 6k 20 17 27 64
26 17 21 6k 18 15 31 64
20 14 30 64
20 19 25 64
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TABLE IV
DATA SHOWING RAW SCORES OF PUPILS IN QUART ILE I I I  OF THE EXPERIMENTAL 
AND CONTROL GROUPS FOR ARITHMETIC REASONING (A ), ARITHMETIC 
CONCEPT (B ), ARITHMETIC COMPUTATION (C ), AND TOTAL RAW 
SCORES AS DETERMINED BY THE S*A ACHIEVEMENT TEST IN 
ARITHMETIC— FORM A, IN SEPTEMBER, 1962
EXPERIMENTAL GROUP 
A B C Total
CONTROL GROUP 
A B C Total
17 13 35 65 28 17 20 65
23 16 26 65 18 23 24 65
17 17 31 65 2k 13 28 65
23 16 26 65 21 14 30 65
26 16 23 65 30 17 18 65
22 18 25 65 29 19 18 66
17 16 33 66 2k 12 30 66
22 21 23 66 19 20 27 66
21 19 26 66 * 19 22 25 66
28 18 20 66 25 15 26 66
19 12 36 67 20 20 26 66
25 ]k 28 67 20 17 29 66
16 21 30 67 29 16 21 66
13 21 33 67 17 18 31 66
21 13 33 67 25 ]k 27 66
20 \k 3k 68 25 17 34 66
22 15 31 68 23 14 30 67
26 15 27 68 23 ]k 30 67
28 15 26 69 25 21 21 67
29 13 27 69 27 13 27 67
27 15 27 69 21 13 33 67
21 19 29 69 2k 18 25 67
25 16 28 69 22 13 32 67
30 18 21 69 15 16 36 67
26 13 31 70 2k 13 31 68
24 . .1 2 . . , 27 70 2 7 . . . , 14 __2,Z . 68
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TABLE IV (Continued)
EXPERIMENTAL GROUP CONTROL GROUP
A B C Total A B C Total
25 20 25 70 24 16 28 68
25 14 32 71 24 13 32 69
22 17 32 71 20 21 28 69
25 21 25 71 18 12 39 69
21 21 29 71 22 16 31 69
24 19 28 71 26 14 30 70
25 17 29 71 24 14 32 70
26 24 31 71 29 13 28 70
25 22 25 72 26 19 26 71
24 22 26 72 23 20 28 71
22 19 31 72 31 14 27 72
21 16 35 72 26 23 23 72
30 16 27 73 33 12 27 72
26 18 29 73 27 20 25 72
25 15 33 73 21 18 34 73
20 19 3** 73 27 19 27 73
24 17 32 73 21 13 39 73
23 12 38 73 26 18 29 73
23 17 33 73 30 19 24 73
30 21 23 74 28 21 25 74
24 20 30 74 25 25 24 7k
25 20 29 74 23 18 33 74
34 13 27 7** 33 19 22 74
25 17 32 7k 28 12 35 74
17 18 39 74 22 19 34 75
23 15 36 7k 25 15 35 75
26 18 30 7k 25 23 27 75
27 21 26 7k 24 20 31 75




A B C Total
CONTROL GROUP 
A B C Total
31 14 30 75 21 17 37 75
21 16 38 75 25 21 29 75
28 17 30 75 27 16 33 76
27 14 34 75 25 19 32 76
21 17 37 75 21 21 34 76
21 17 37 75 29 18 29 76
22 17 36 75 „ 25 15 36 76
26 *9 30 75 34 21 21 76
34 15 26 75 28 13 35 76
2k 23 29 76 23 19 34 76
31 16 29 76 26 17 34 77
23 14 39 76 31 18 28 77
27 21 29 76 21 19 37 77
22 22 33 77 18 2k 35 77
28 14 35 77 30 20 27 77
26 17 34 77 28 18 32 78
25 20 32 77 28 17 33 78
28 18 32 78 31 19 38 78
38 19 21 78 30 17 31 78
18 25 35 78 25 17 36 78





DATA SHOWING RAW SCORES OF PUPILS IN QUART ILE IV OF THE EXPERINENTAL 
AND CONTROL GROUPS FOR ARITHMETIC REASONING (A ), ARITHMETIC 
CONCEPT (B ), ARITHMETIC COMPUTATION (C ), AND TOTAL RAW 
SCORES AS DETERMINED BY THE SRA ACHIEVEMENT TEST IN
ARITHMETIC-—FORM A, IN SEPTEMBER, 1962
EXPERIMENTAL GROUP CONTROL GROUP
A B C Total A B C Tota l
31 15 33 79 25 24 30 79
24 21 34 79 35 15 29 79
37 13 29 79 30 18 32 80
23 22 3^ 79 30 22 38 80
30 !4 35 79 27 21 32 80
28 19 32 79 28 21 31 80
29 19 31 79 25 21 34 80
29 15 36 80 28 19 33 80
36 11 33 80 30 19 31 80
36 11 33 80 32 15 33 80
22 27 31 80 26 18 37 81
27 24 29 80 30 22 29 81
31 17 33 81 31 16 24 81
26 16 39 81 25 24 33 82
30 16 35 81 28 19 35 82
27 21 34 82 30 19 33 82
25 19 38 82 31 13 38 82
24 25 33 82 24 17 41 82
28 25 29 82 23 24 35 82
32 17 33 82 32 23 27 82
31 17 34 82 28 21 33 82
32 18 32 82 28 22 32 82
27 20 36 83 28 18 37 83
28 20 35
00 26 21 -26- 83
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TABLE V (Continued)
EXPERIMENTAL GROUP CONTROL GROUP
A B C Total A B c Total
27 27 29 83 24 19 40 83
24 23 36 83 26 19 39 84
30 23 30 83 27 19 38 84
26 22 35 83 29 17 38 84
26 20 38 84 30 18 36 84
27 19 38 84 33 21 30 84
23 26 35 84 33 20 31 84
27 21 37 85 31 16 37 84
30 21 34 85 35 18 32 85
31 22 32 85 30 21 35 86
26 22 37 85 32 23 31 86
29 23 34 86 31 20 35 86
27 20 39 86 29 22 35 86
35 20 31 86 39 24 24 87
36 16 35 87 32 17 38 87
30 21 36 87 28 23 37 88
27 21 40 88 30 20 38 88
35 20 33 88 31 19 40 90
30 22 36 88 37 24 29 90
26 27 36 89 36 19 35 90
29 21 39 89 35 24 32 91
31 17 41 89 38 20 33 91
31 20 38 89 30 29 32 91
30 21 40 91 32 19 40 91
26 25 42 93 25 26 40 91
30 23 41 94 29 18 45 92
y j 23 34 94 26 29 37 92




A B C Total
CONTROL GROUP 
A B C Total
31 20 44 95 33 20 40 93
34 22 39 95 35 16 42 93
29 24 43 96 30 22 42 94
32 26 38 # 31 20 43 94
35 22 40 97 37 17 40 94
32 22 44 98 31 25 38 94
33 26 40 99 35 22 38 95
32 23 44 99 29 25 41 95
39 23 38 100 38 22 35 95
33 28 40 101 37 20 39 96
28 32 41 101 34 24 39 97
37 24 40 101 34 24 39 97
30 29 43 102 41 22 35 98
32 29 41 102 37 21 40 98
38 24 40 102 29 28 41 98
41 28 36 105 39 24 37 100
33 25 47 105 34 22 44 100
3^ 29 43 106 40 20 41 101
41 24 43 108 32 28 41 101
41 27 41 109 37 23 42 102
37 36 39 112 33 27 42 102
43 30 44 117 47 28 50 102
27 31 45 103
41 25 40 106
38 26 42 106
40 28 39 107
38 28 41 107




A B C Total
CONTROL GROUP 
A B C Total
38 27 k3 108
ko 30 111
38 3k ko 112
39 30 kk 113
k8 33 kk 125
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Planning w ith  the Teachers in  the Experim ental Group
The teachers in  the experim ental group met w ith  the w r i t e r  on 
the f i r s t  Monday o f every month from September through A p r i l ,  1963. 
These meetings were held  in  the Paul Pavy E lem entary School, Opelousas, 
Lou is iana from *t:30 p.m . u n t i l  5 :3 0  p.m .
The September r te e tin q . The f i r s t  meeting in  September was 
used to  e x p la in  the study and the r e s p o n s ib i l i t ie s  o f  each teacher 
in the group. The teachers were informed th a t they were expected  
to  a tte n d  a l l  meetings and to  c a rry  out the procedures fo r  teaching  
th e ir  mathematics classes as o u tlin e d  a t  each o f  these m eetings . The 
re g u la r  e ig h th  grade c lass  mathematics textbook was to  be used as the  
core o f the mathematics program. I t  was ex p la in ed  th a t  a t  each 
succeeding m eeting each teacher would re c e iv e  a mimeographed group  
o f plans based on the s o -c a lle d  'taodern m athem atics ." These plans  
were to be used as a supplement to  the m a te ria l covered in  the  
tex tb ook .
Subsequent s je e tin g s . A t the meetings he ld  in  O ctober,
November, December, January, February, and March, each teach er was
\
g iven  a s e t o f p lans fo r  use during the coming month. (These plans  
are  included in  Appendixes A through V . )  A t each m eeting the p lan  
o f the coming month was d is tr ib u te d  to  the teachers and a sh o rt 
discussion p erio d  was conducted to  c l a r i f y  o r answer any questions  
the teachers had concerning the p la n . During these d iscussions the  
teachers were in s tr u c te d 'to  use the normal c la ss  tim e fo r  teaching  
purposes and to  in co rp o ra te  the supplem entary con ten t included in
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the p lan .w ith  the m ateria l in the textbook. They were cautioned 
against g iving more help than would o rd in a r ily  be given to the 
student. They were to ld  th a t they could mimeograph the parts of the 
plan which would serve as p rac tice  m ateria l fo r the students and that 
they were free  to use any aids which they would o rd in a r ily  have used. 
They were encouraged to allow  time fo r the student to discuss the 
m ateria l rather fu l ly  before proceeding to the next phase.
In add ition  to the general instructions given to the 
experimental group o f teachers, s p e c ific  instructions and d irections  
accompanied d is tr ib u tio n  of each new plan each month. These discussions 
focused on o b jec tives , subject m atter, and suggested a c t iv i t ie s .  The 
objectives lis te d  in the plan were discussed by the teachers and 
means of achieving these ob jectives were expla ined. The subject 
m atter o u tlin e  to be taught by a l l  experimental teachers was next 
explained in d e ta i l .  F in a lly , the a c t iv i t ie s  suggested in the plan 
were reviewed.
During the discussions th a t followed, stress was placed on 
the teachers covering the subject m atter content o f the lesson plan 
because th is  was the one big d iffe ren ce  between the procedures used 
by the experimental group and those used by the control group.
A Summary o f one o f the jplans. The m ateria l found on page 
nine of the textbook, Making Sure o f A rithm etic - -Grade E ig h t, and 
the m ateria l found in Appendix A, "Finding the Least Common M u lt ip le ,"  
w il l  i l lu s t r a te  how one o f the plans was used.
On page nine of the textbook is a presentation e n t it le d  "How
a
to  Find the Common Denominator when Adding F ra c t io n s .11 The 
p re sen ta tio n  begins w ith  these two statem ents: (1 ) "b efo re  two or 
more fra c tio n s  can be added, th e ir  denominators must be the same," 
and (2) "when a l l  the fra c tio n s  to  be added have the same denominator 
th is  denominator is c a lle d  the common denom inator," and fo llow s Ufi&h 
examples th a t a re  expected to  help  the p u p ils  b e tte r  understand  
the m athematical o p eratio n  in vo lved . The authors continue to  e x p la in  
th a t i f  the denominators a re  u n lik e , the student may then take the  
l a r g e r  o f the two denominators to  determ ine a common denominator, 
m u ltip ly  i t  by two, and determ ine whether or not the o th er denominator 
is d iv is ib le  in to  th is  p rod uct. i f  i t  is not p o s s ib le , i t  is  sug­
gested th a t the student m u lt ip ly  the la rg e r  denominator by th re e , 
and so on, u n t i l  he a r r iv e s  a t  a denominator which is  d iv is ib le  by 
the smal1e r  one.
In th is  p a r t ic u la r  instance , the experim ental teachers were 
to ld  to  teach the m ate ria l found in the lesson p lan (Appendix A) 
before  p resenting  the m ateria ] found in the textbook discussed above. 
From the lesson plan provided the teachers on fin d in g  the le a s t  
common m u lt ip le , they began by e x p la in in g  the meaning o f  the terms 
" m u lt ip le ,"  and "common m u lt ip le s ."  They fo llow ed  th is  in tro d u c tio n  
w ith  a d iscussion o f the d iffe re n c e  between a fa c to r  and a m u lt ip le  
and a p res en ta tio n  o f examples so as to  re -e n fo rc e  the c h i ld 's  
understanding of the term s. Subsequently, the idea o f  le a s t  common 
m u ltip le s  was developed. Concepts from previous plans were taught 
in  order to  show the re la t io n s h ip s  which e x is t  between the various
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phases of mathematics. A fte r  a thorough discussion of the above
m a te ria l, the pupils were given p rac tice  work so as to insure in d i­
vidual understanding and to provide an opportunity fo r the teacher 
to a ss is t those students who were in need o f he lp . As a fin a l step, 
the m ateria l from the textbook was re la ted  to the m aterial in the 
lesson plan emphasizing m u ltip le s , lea s t common m u ltip les , fac to rs , 
fa c to rin g , and common denominators.
Developing the m ateria l stated in the above summary was 
expected to take from one to three class periods.
Planning w ith the Teachers in the Control Group
The teachers in the control group met w ith the w r ite r  on the 
second Monday o f every month from September through A p r i l ,  1963. 
These meetings were also held in the Paul Pavy Elementary School, 
Opelousas, Louisiana from 4:30 p.m. to 5:30 p.m.
The September m eeting. The f i r s t  meeting in September was
used to expla in  the study and the responsibi1it ie s  o f each teacher 
in the group. The teachers were cautioned to use normal class time 
in teaching a r ith m e tic , to give no more individual a tte n tio n  than 
o rd in a r ily  would be given, to use the teaching aids which they would 
o rd in a r ily  have used, and to teach the subject m atter contained in 
the textbook.
Subsequent meetings. At the meetings held in October, 
November, December, January, February, and March, the previous 
month's subject m atter and the fo llow ing month's content were 
discussed. With reference to the former, suggestions were o ffered
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by the w r i te r  and o th er members o f  the  group on ways o f  overcoming 
c e r ta in  d i f f i c u l t i e s  met by the te a ch ers . During the d iscussions  
o f the contents fo r  the coming month, the teachers were in s tru c te d  
concerning the p lac in g  o f  emphasis on meaning and understanding  
and were cautioned each tim e a g a in s t moving to  another phase o f  
mathematics b e fo re  the students demonstrated th e ir  a b i l i t y  to  work 
the problems under d is cu s s io n . The m a te r ia ls  from the textbook  
were o u tlin e d  by the teachers and a general d iscussion on ways 
and means o f teaching the m a te ria l was c a r r ie d  out by the group.
An i l l u s t r a t i o n . An example o f these d iscussions is  the  
p re s e n ta tio n  o f f r a c t io n s . B efore the students were a llow ed to  
work w ith  a d d it io n , s u b tra c tio n , m u lt ip l ic a t io n ,  or d iv is io n  o f  
f r a c t io n s , a thorough lesson on the p a rts  o f a f r a c t io n  was discus-* 
sed w ith  the s tu d e n ts . Such th ings as denom inator, num erator, 
common f r a c t io n ,  improper f r a c t io n ,  and the meaning o f  a f r a c t io n  
were exp la in ed  and discussed in d e ta i l  b e fo re  moving in to  the  
next phase o f m athem atics.
The teachers were a llow ed to  use m a te ria l they would o r d in a r i ly  
have used in  p resen ting  the s u b je c t m a tte r but a t  no tim e were they  
allow ed to  use any o f  the s o -c a lle d  'taodern11 mathematics in  th e ir  
p rog ram.
D eterm in ing Pupil Achievement
S tan dard ized  achievem ent te s ts  were ad m in is tered  in  September, 
1962 and in A p r i l ,  1963 in  o rder to  determ ine pupil grow th .
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September, 1962 je s t in g . In September, 19&2, the Science 
Research Associates Test o f A rith m etic  Achievement fo r Grade E igh t, 
Form A, was d is tr ib u te d  to the teachers. Each teacher administered  
his tests  to  the students and returned the tests and the answer 
sheets to  the w r i te r .  The tests  were scored by the w r ite r  and each 
c h ild 's  raw score in A rith m etic  Reasoning, A rithm etic  Concepts, and 
A rith m etic  Computation, as well as h is to ta l raw score, were 
recorded on a card . The card fo r each c h ild  showed his a rith m e tic  
scores, name o f teacher, school attended, and date o f te s tin g .
A p r i l ,  1963 te s t in g . At the conclusion o f the experiment,
Form B o f the same SRA Achievement Test was adm inistered to the 
experimental and control groups. Each student's  raw scores on 
Form B fo r A rith m etic  Reasoning, A rith m etic  Concepts, and A rithm etic  
Computation, as well as his to ta l raw score, were recorded on the 
same card used to record the September te s t re s u lts . Since each 
card contained scores fo r September and A p r i l ,  each c h ild 's  progress 
was e a s ily  determined by comparing the two sets o f scores.
The res u lts  o f these comparisons are presented in the next 
chapter fo r  each quart? le  o f the experimental and control groups.
CHAPTER I I I
ORGANIZATION AND ANALYSIS OF THE RESULTS OF THE STUDY
The progress o f the students during the in te rv a l between the  
September and A p r il te s tin g  dates was computed in  terms o f  gains or 
losses in  raw scores fo r each student and terms o f  d iffe re n c e s  o f  
gains in mean scores fo r  the experim ental and contro l groups in  
each q u a r t i le .  A na lysis  o f va riance  was a p p lie d  to  the data to  
determ ine the s ig n if ic a n c e  o f the d iffe re n c e s  between the means.
Determ ining and Comparing the Mean Scores
As exp la ined  in Chapter I I ,  the raw scores on Form A o f  the  
te s t were used to  d iv id e  the 305 students in the experim ental group 
and the 305 students in the contro l group in to  q u a r t ile s  th a t were 
equated to  the e x te n t th a t d iffe re n c e s  in  achievement between the two 
groups in each q u a r t i le  a t  the beginning o f the study were very s m a ll.
The gains and/or losses were next determ ined fo r  each s tu d e n t. 
The data recorded on each s tu d e n t's  index card included the raw scores 
made on the achievement te s ts  adm in istered  in  the f a l l  and the s p rin g . 
Scores recorded fo r  each student were on A rith m e tic  Reasoning, 
A rith m e tic  Concepts, A r ith m e tic  Computation, and the To ta l Raw Score 
fo r  Form A and Form B. The progress o f  each c h ild  was determ ined by 
comparing the scores made on Form A w ith  the scores made on Form B.
The data fo r  each c h ild  and each q u a r t i le  a re  shown in  Appendix G.
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Analysis o f S ta t is t ic a l Data
in order to te s t the s ig n ifican ce  o f the d ifferences in 
gains between the groups, the mean gain in to ta l tes t scores for 
each teacher in each q u a r t ile  fo r both the experimental and control 
group was determined. These data are shown in Tables V I, V I I ,  V I I I ,  
and IX .
The analysis o f variance was applied to determine the 
s ig n ifican ce  o f the d ifferences between groups. The null hypothesis 
th a t there was no s ig n if ic a n t d ifferen ce  between the means was 
re jected  a t the .05 le v e l .
The analysis o f variance and the resu ltin g  F (variance ra t io )  
are shown in the paragraphs that fo llow  for each q u a r t ile  in 
A rithm etic  Reasoning, A rithm etic  Concepts, A rithm etic  Computation, 
and to ta l raw scores. In a d d itio n , the analysis o f variance was 
applied to the d iffe ren ce  between the mean gains of the to ta l 
experimental and control group (ra th er than by q u a r t i le s ) .
Analysis o f Data on A rithm etic  Reasoning '
Mean d ifferences between the experimental and control groups 
on A rithm etic  Reasoning are shown in Table X, page 37, fo r each of 
the four q u a rtile s  tes ted . The d ifferences in mean gain for the 
control group was la rg er in each o f the f i r s t  three q u a rtile s , whereas 
the d iffe ren ce  in Q ,uartile IV favored the experimental group.
The F -te s t fo r the s ig n ifican ce  of d ifferences between means
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TABLE VI
DATA SHOWING TOTAL RAW SCORE MEANS FOR THOSE STUDENTS IN 
QUARTILE I , FOR EACH TEACHER BASED ON RESULTS OF SRA 
ACHIEVEMENT TEST IN ARITHMETIC— FORM A, 
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
September, 1962 A p r i l ,  1963 September, 1962 A p r i l ,  1963
A B A  B
________EXPERIMENTAL GROUP____________________ CONTROL GROUP___________
4 3 .8 54 .6 33 .0 5 3 .0
4 5 .7 55 .0 4 9 .0 75 .0
4 3 .8 5 3 .9 45.1 6 9 .0
4 8 .7 56 .3 4 4 .7 55 .6
43 .7 53 .7 4 4 .9 5 9 .4
38 .0 41 .0 4 3 .7 56 .7
4 2 .8 50 .3 4 5 .2 5 0 .9
44.1 53.5 4 3 .2 54 .0
40 .6 51 .8 4 0 .0 77 .5
4 4 .4 6 2 .8 4 1 .8 6 7 .4
4 3 .7 6 3 .2 38 .6 4 7 .6
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TABLE V II
DATA SHOWING TOTAL RAW SCORE MEANS FOR THOSE STUDENTS IN 
QUARTILE I I ,  FOR EACH TEACHER BASED ON RESULTS OF SRA 
ACHIEVEMENT TEST IN ARITHMETIC--FORM A, 
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
September, 1962 A p r il,  1963 September, 1962 A p r il,  1963 
A B A B
_______ EXPERIMENTAL GROUP__________________CONTROL GROUP__________
58.0 74.6 57.0 79.0
58.5 59.8 55.7 69.7
57.6 64.0 59.7 78.5
59.6 74 .9 59.0 76.3
59 .8 62 .8 59.0 67.6
5 7 .2 67.8 60.0 68.0
57.3 70.3 58.4 63.0
57.2 62.2 55.5 64.5
56.2 71.2 55.5 71 .8
56 .9 76.8 55.7 77.5




DATA SHOWING TOTAL RAW SCORE MEANS FOR THOSE STUDENTS IN 
QUARTILE I I I ,  FOR EACH TEACHER BASED ON RESULTS OF SRA 
ACHIEVEMENT TEST IN ARITHMETIC— FORM A, 
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
September, 1962 A p r i l ,  1963 September, 1962 A p r i l ,  1963 
A B A  B
________EXPERIMENTAL GROUP______  CONTROL GROUP___________
71 .4 71 .8 74.1 9 0 .9
71 .6 66 .5 6 8 .3 76 .5
69 .6 74.5 72.6 8 7 .0
72 .6 81 .0 72 .4 87 .3
70.3 7 5 .9 6 7 .4 7 6 .6
7 3 .9 77.1 72 .0 94.0
69 .5 85 .0 6 6 .0 73 .0
74 .7 8 5 .8 69 .5 7 0 .0
72 .0 7 8 .8 6 8 .8 8 3 .8
71.8 8 7 .4 6 9 .7 82 .7
71 .0 95 .0 72.2 99.1
73 .0 87 .3
36
TABLE IX
DATA SHOWING TOTAL RAW SCORE MEANS FOR THOSE STUDENTS IN 
dUARTILE IV FOR EACH TEACHER BASED ON RESULTS OF SRA 
ACHIEVEMENT TEST IN ARITHMETIC— FORM A, 
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
September, 1962 A p r i l ,  1963 September, 1962 A p r i l ,  1963 
A B A  B
_______ EXPERIMENTAL GROUP  CONTROL GROUP__________
88.3 102.1 88.2 104.3
84 .4 95.0 91 .5 96.0
92.3 107.8 93.8 103.1
93 .9 104.3 96.5 114.7
85.1 i 87.1 89 .0 96.6
91.1 100.8 93.0 103.4
88 .0 92.5 87.3 90.0
83 .6 92.6 83.3 89.3





was made fo r  each o f the four q u a r t i le s . None o f the d iffe ren c es  were 
found to be s ig n if ic a n t .  These data are  shown in Table X I» page 38 .
TABLE X
DIFFERENCES BETWEEN MEAN GAINS IN ARITHMETIC REASONING,
QUARTILES I , I I ,  I I I ,  IV— SRA ACHIEVEMENT TEST
IN ARITHMETIC
Q.uart Me Experimental Control
1 3 .7 8 4 .9 9
11 2 .6 9 3 .8 4
111 2.15 3 .0 9
IV 4 .5 2 2 .8 8
A nalysis o f Data on A rith m e tic  Concepts
Table X I I ,  page 39, shows the d iffe re n c es  between mean gains  
on A rith m e tic  Concepts fo r the q u a r t ile s  te s te d . These data show 
th a t the contro l group made a la rg e r  ga in  than the experim ental 
group in each o f the four q u a r t i le s .
The d iffe re n c e  favoring  the contro l group in Q u a r t ile  I I I  
was the only one found to  be s ig n if ic a n t  when the F te s t  was 
a p p lie d . I t  was s ig n if ic a n t  a t  the .05 le v e l .  R esults  o f the 
te s ts  fo r  s ig n if ic a n c e  are shown in  Table X I I I ,  page 4 0 .
A nalysis  o f Data on A rith m e tic  Computation
The d iffe re n c e s  between mean gains on A rith m e tic  Computation
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fo r  each q u a r t i le  a re  shown in Table X IV , page 4 1 . These data reveal 
th a t the d iffe re n c e s  in  gains favored the co n tro l group in  each o f the 
fo u r q u a r t ile s  te s te d .
TABLE XI
ANALYSIS OF VARIANCE FOR ARITHMETIC REASONING—  
SRA ACHIEVEMENT TEST IN ARITHMETIC
Deg rees o f Sum o f Means
Source Freedom Squares Squared
Q u a r t i le  1
Between Groups 1 8 .0 4 8 .0 4
Between Teachers
wi th in  Groups 20 19^.57 9.73
F * 8 .0 4 /9 /7 3  -  .83
Q u a r t i le  I I
Between Groups 1 7 .6 0 7 .60
Between Teachers
wi th in  Groups 21 195.02 9.286
F - 7 .6 0 /9 .2 8 6  = .82
Q u a r t i le  i l l
Between Groups 1 5 .1 4 5 .1 4
Between Teachers
wi th in  Groups 21 265 .08 12.62
F = 5 .1 4 /1 2 /6 2 .«  .41
Q u a r t i le  IV
Between Groups 1 13.81 13.81
Between Teachers
w ith in  Groups 19 249.34 13.12
F - 1 3 .8 1 /1 3 .1 2  -  1 .052
When the F -te s t  was ap p lied  to  these d a ta , the d iffe re n c e  
favoring the contro l group in Q u a rt ile  I was found to  be s ig n if ic a n t  a t  
the .05 le v e l .  Results o f the a p p lic a tio n  o f the F -te s t  fo r  the four 
q u a r tile s  on A rith m e tic  Computation are shown in Table XV, page 4 1 .
TABLE X II
DIFFERENCE BETWEEN MEAN GAINS IN ARITHMETIC 
SRA ACHIEVEMENT TEST IN ARITHMETIC
CONCEPTS—
Q u a rt ile Experimental Control
1 3 .7 4 5 .40
11 3.96 4 .1 9
1 11 3.00 4 .8 0
IV 2.81 3 .52
A nalysis o f Data on Total Scores fo r  each Q u a r t ile
The d iffe re n c e  between mean gains fo r the to ta l score in  
each q u a r t i le  is shown in Table XVI, page 42 . The contro l group 
had the g re a te r d iffe re n c e  in  Q u a rtile s  I ,  I I ,  and I I I ,  Only in  
Q u a rt ile  IV , which consisted o f those students who ranked h ighest 
in to ta l raw scores on the in i t i a l  te s t ,  d id  the experim ental group 
have a g re a te r d iffe re n c e  between the mean gains than d id  the contro l 
group.
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TABLE X I I I
ANALYSIS OF VARIANCE FOR ARITHMETIC CONCEPTS—  
SRA ACHIEVEMENT TEST IN ARITHMETIC
Degrees o f Sum o f • Means
Source Freedom Squares Squared
Q uart!1e 1
Between Groups 1 15.22 15.22
Between Teachers
w ith in  Groups 20 152.09 7.604
F -  1 5 .22 /7 .64 0 -  2.002
Q u a rt ile  I I
Between Groups 1 .30 .30
Between Teachers
w ith in  Groups 21 139.20 6.628
F = .3 0 /6 .6 2 8  = .045
Q u a rt ile  I I I
Between Groups 1 18.60 18.60
Between Teachers
wi th i n Groups 21 57.00 2.71
F -  18 .60 /2 .71  = 6 .8 6 3 *
Q u a r t i le  IV
Between Groups 1 2.56 2.56
Between Teachers
.w ith in  Groups 19 37.23 1.959
F -  2 .5 6 /1  .959 « 1 .306
^ S ig n ific a n t a t  the .05 le v e l .
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TABLE XIV
DIFFERENCES BETWEEN MEAN GAINS IN ARITHMETIC COMPUTATION—  
SRA ACHIEVEMENT TEST IN ARITHMETIC
Q u a r t ile Experim ental Control
1 2.91 7 .2 8
11 4 .8 5 7 .7 8
111 3.03 5 .3 6
IV 4 .0 9 4 .4 4
TABLE XV
ANALYSIS OF VARIANCE FOR ARITHMETIC COMPUTATION- 
SRA ACHIEVEMENT TEST IN ARITHMETIC
Source
Degrees o f  
Freedom








wi th i n Groups 20 
F -
285.81 
1 0 5 .1 6 /1 4 .2 9  -  7 .3 5 8 *
14 .29
Q u a r t i1e I I
Between Groups 
Between Teachers
1 49 .23 49 .23
wi th i n Groups 21 
F - 4 9 .2 3 /2 1 .5 7
453.01  
-  2 .2 8
21 .57





wi th in Groups 21 545.40 25 .97
F - 31 .1 8 /2 5 .9 7 -  1 .20




wi th in  Groups 19 




* S ig n if le a n t  a t  the .05 le v e l .
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When the F -te s t was applied to  the three d ifferences favoring  
the control group and the d ifferen ce  (Q u artile  IV) favoring the experi­
mental group, the resu lts  showed only one to be s ig n if ic a n t. The 
d iffe ren ce  favoring the control group in Q u a rtile  I was a t the .05 
le v e l.  These data are shown in Table X V II, page 43.
TABLE XVI
DIFFERENCES BETWEEN MEAN GAINS IN TOTAL SCORE FOR ARITHMETIC 
REASONING, ARITHMETIC CONCEPTS, ARITHMETIC COMPUTATION,
SRA ACHIEVEMENT TEST IN ARITHMETIC
Q u a rtile Experimental Control
1 10.62 17.90
11 11 .74 15.68
111 8.22 13.52
IV 11.28 11.07
Analysis o f Data on Total Scores for the E n tire  Experimental and
Control Groups.
The mean gains o f the three hundred f iv e  students in the 
experimental group and the three hundred f iv e  in the control group 
amounted to 10.42 fo r the former and 14.47 for the la t t e r .
When the F -te s t was app lied , th is  d iffe ren ce  o f 4.05 was 
found to be s ig n if ic a n t beyond the .05 le v e l.  The resu lts  of testing  
are shown in Table X V I I I ,  page 44.
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TABLE XVI I
ANALYSIS OF VARIANCE ON TOTAL SCORES, SRA ACHIEVEMENT 
TEST IN ARITHMETIC
Source




Q u a r t i l e  1
Be tween Groups 1 291 .64 291 .64
Between Teachers
wi th i  n Groups 20 1133.06 5 6 .65 3
F * 291 .6 4 /5 6 .6 5 3  -  5 .1 4 7 *
Q u a r t i l e  I I
Between Groups 1 8 9 .4 0 8 9 .4 0
Between Teachers
wi th i n Groups 21 1011.03 4 8 .1 4
F * 8 9 .4 0 /4 8 .1 4  -  1 .857
Q u a r t ! ie  I I I
Between Groups 1 161.12 161.12
Be tween Teachers
wi th i n G roups 21 1174.92 5 5 .9 5
F - 161 .1 2 /5 5  . 95 -  2 .8 7 9
Q u a r t i le  IV
Between G roups 1 .23 .23
Between Teachers .
wi th  i n Groups 19 8 2 8 .5 9 43.61
F - 2 3 /43 .61  -  .005
* S ig n i f i c a n t  a t  the .05 l e v e l .
TABLE X V I I I
ANALYSIS OF VARIANCE ON TOTAL SCORES FOR THE EXPERIMENTAL 
AND CONTROL GROUPS— SRA ACHIEVEMENT TEST IN ARITHMETIC




Between Groups 1 36316 36316
Between Teachers 
wi th i  n Groups 87 ksikoo 5200
F -  36316/5200 = 6 .9 8 *
S ig n i f ic a n t  a t  the .05 l e v e l .
Summary
B r i e f ly  summarizing, Chapter I I I  has presented the o rg a n iza tio n  
and a n a ly s is  o f  data fo r  the s ix  hundred ten students used in th is  
study . An attem pt was made to  show the mean achievement o f  the 
students in the experim ental and co ntro l groups before  the study 
began and mean gains a t  the conclusion o f  the s tudy . The an a lys is  o f  
variance  was a p p lie d  to  the data to  determine the s ig n if ic a n c e  o f  the 
d i f fe re n c e  between the means fo r  the experim ental and contro l groups.
The data showed e ighteen  comparisons between the experimental 
and contro l groups. In s ix te e n  o f  the comparisons the contro l group 
made the g re a te r  gains w h ile  in two areas the experimental group made 
g re a te r  g a in s . When the F - te s t  was a p p lie d  to  the d if fe re n c e s  
fa vo rin g  each group, on ly  four o f  the d if fe re n c e s  were found to  be
s i g n i f i c a n t  a t  the .05 le v e l (one o f  these met the  t e s t  beyond the  
.05 l e v e l ) .  A l l  o f  the s ig n i f i c a n t  d i f fe re n c e s  favored the c o n tro l  
group. They were: (1) A r i th m e t ic  Concepts, Q u a r t i l e  I I I ;  (2 ) A r i t h ­
m etic  Computation, Q u a r t i l e  I ;  (3) T o ta l Raw Scores by Q u a r t ! le s ,  
Q u a r t i l e  I ;  and {k) To ta l Score f o r  the e n t i r e  experim enta l and 
c o n tro l groups.
F u rth er  exam ination  o f  the data  revea led  d i f fe re n c e s  in  the  
e f f e c t s  o f  the program on the lowest and h ig h e s t a b i l i t y  groups. In  
the lowest a b i l i t y  group (Q u a r t i le  I ) ,  the students who p a r t ic ip a te d  
in the program planned fo r  the c o n tro l group d id  c o n s is te n t ly  b e t t e r  
in the fo u r areas te s te d  than the students  who p a r t ic ip a t e d  in  the  
program planned fo r  the experim enta l group. In two o f  these areas  
the d i f fe re n c e s  fa v o r in g  the c o n tro l group were s ig n i f i c a n t  a t  the  
.05 l e v e l .  In the h ig h e s t a b i l i t y  group (Q u a r t i le  IV ) ,  the students  
in the experim enta l group d id  s l i g h t l y  b e t t e r  o r  about as w e ll  as the  
c o n tro l group in  the four areas te s te d .
CHAPTER IV
SUMMARY AND CONCLUSIONS
The purpose o f  th is  s tudy was to  determ ine the e f f e c t s  o f  a 
s p e c i a l ly  planned mathematics program on pu p il achievement in  e ig h th  
grade m athem atics. Th is  s p e c ia l ly  planned program combined the  
t r a d i t i o n a l  course w ith  c o n te n t c a r e f u l l y  s e le c te d  from the "new" 
o r  'Vnodern" m athem atics . (See Appendixes A through F . )
T w e n ty -th re e  e ig h th  grade teachers  and s ix  hundred ten e ig h th  
grade p u p i ls  from tw e lve  w h ite  p u b l ic  schools in  S t .  Landry P a r is h ,  
L o u is ia n a , p a r t ic ip a t e d  in  the s tu d y . The tw e n ty - th re e  teachers  
were p a ire d  and grouped on the b as is  o f  degree h e ld ,  years  o f  
teach ing  e x p e r ie n c e , years o f  teach ing  e ig h th  grade m athem atics, 
and s p e c ia l  t r a in in g  in the "new" m athem atics. There were e leven  
te achers  in  the ex perim enta l group and tw e lve  teachers in  the  
c o n tro l  g rou p . The s tud e n ts  were grouped in to  fo ur q u a r t i l e s  on 
the  bas is  o f  the SRA Achievement T e s t in A r i th m e t ic ,  Form A, 
a d m in is te re d  in  September, 1962. For the experim en ta l group, th e re  
were e ig h t y  s tudents  in  Q u a r t i l e  I ,  s e v e n ty - th re e  in  Q u a r t i l e  I I ,  
s e v e n ty -e ig h t  in  Q u a r t i l e  I I I ,  and s e v e n ty - fo u r  in  Q u a r t i l e  IV .  The 
range o f  scores was from tw e n ty -s ix ,  low est in  Q u a r t i l e  I ,  to  one 
hundred seven teen , h ig h e s t  in  Q u a r t i l e  IV .  For the c o n tro l group, 
th e re  were seventy  s tu den ts  in  Q u a r t i l e  I ,  s e v e n ty - f iv e  in  Q u a r t i l e  I I ,  
s e v e n ty - f iv e  in  Q u a r t i l e  I I I ,  and e i g h t y - f i v e  in  Q u a r t i l e  IV .  The
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range o f  scores was from twenty-seven, lowest in  Q u a r t i le  I ,  to  
one hundred tw e n ty - f iv e ,  h ig hest in Q u a r t i le  IV .
The teachers in  the experim ental group met w ith  the w r i t e r  on 
the f i r s t  Monday o f  each month from October through A p r i l .  A t these  
meetings the teachers were given the lesson plans they were to  use 
fo r  the coming month. (See Appendixes A through f t . )  A b r i e f  d is ­
cussion o f  the plans was conducted and the teachers were in s tru c te d  
to  use no more than the normal c lass  p erio d  fo r  teaching purposes 
and to  supplement the textbook content w ith  the "new" mathematics  
supplied  by the p la n s . The teachers were f re e  to  use any teaching  
aids which they would o r d in a r i ly  have used and were encouraged to  
a llo w  time fo r  the students to  discuss the m a te r ia l  ra th e r  f u l l y  
b efore  proceeding to  the next phase.
The teachers in the contro l group met w ith  the w r i t e r  on the  
second Monday o f  each month from October, 1962 through A p r i l ,  1963- 
These meetings consisted  o f  d iscussions on the te x tu a l m a te r ia ls  
which had been taught during the previous month and those which were 
to  be taught during the next month. The teachers were helped to  
place emphasis on meaning and understanding and were encouraged to  
a llo w  students the o p p o rtu n it ie s  to  demonstrate t h e i r  a b i l i t y  to  work 
the problems or concepts under d iscussion be fore  moving to  the next 
phase o f  mathematics. The teachers were a llow ed to  use any teaching  
aids they would o r d in a r i ly  have used but were in s tru c te d  to  use on ly  
the su b jec t m atte r content found in  t h e i r  textbooks.
In A p r i l ,  1963 Form B o f  the SRA Achievement Test in  A r i th m e t ic  
was adm in istered  to  a l l  the students who p a r t ic ip a te d  in  the s tu d y . On
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The b a s is  o f  the  r e s u l t s  o f  t h is  t e s t  as compared w i th  Form A 
which was g iv e n  in  Septem ber, 1962, a comparison o f  the mean 
achievem ent o f  the s tu d e n ts  in  each q u a r t i l e  was made.
Summary o f  Data
The a n a ly s is  o f  v a r ia n c e  was used to  a n a ly ze  the r e s u l ts  
o f  th is  s tu d y .  The means between groups and between teachers  
w i t h i n  th e  groups were an a ly zed  to  d e te rm in e  the s ig n i f ic a n c e  o f  
d i f fe r e n c e s  between the means. The n u l l  hy p o the s is  t h a t  th e re  
was no s i g n i f i c a n t  d i f f e r e n c e  between the  means was r e je c te d  a t  
th e  .05  l e v e l .
Summary o f  d a ta  on a r i t h m e t ic  re a s o n in g . On a r i t h m e t ic  
reasoning the  c o n tro l  group had a g r e a t e r  d i f f e r e n c e  in mean g a in  
in  th e  f i r s t  th re e  q u a r t i l e s ,  whereas the e x p e r im e n ta l group had 
a mean g a in  d i f f e r e n c e  g r e a t e r  than the c o n tro l  group in  Q u a r t i l e  
IV .  None o f  these d i f fe r e n c e s  were s i g n i f i c a n t  a t  the  .05  
l e v e l .
Summary o f  d a ta  on a r i t h m e t ic  c o n c e p ts . On a r i t h m e t ic  
c o nce p ts , the c o n tro l  group had a g r e a t e r  d i f f e r e n c e  between means 
in  each o f  the fo u r  q u a r t i l e s  te s te d .  The d i f f e r e n c e  was s i g n i f i c a n t  
a t  th e  .05  le v e l  o n ly  in  Q u a r t i l e  111.
Summary o f  d a ta  on a r i t h m e t ic  c o m p u ta t io n . On a r i t h m e t ic  
c o m p u ta tio n , th e  c o n tro l  group had la r g e r  g a ins  than the  e x p e r im e n ta l  
group in  e v e ry  q u a r t i l e .  In  Q u a r t i l e  I ,  the  d i f f e r e n c e  was s i g n i f i c a n t  
a t  the .05  l e v e l .  The d i f f e r e n c e  between means was g r e a t e r  in  Q u a r t i l e  I ,
**9
A rith m e t ic  Computation, than in any o th e r  s e c tio n  o f  the te s t  o r in  
any o th er  q u a r t i l e .
Summary o f  data on to ta l  score fo r  each q u a r t i l e . When the  
d if fe re n c e s  were compared on the to ta l  t e s t  scores fo r  each q u a r t i le *  
the contro l group had la rg e r  gains than the experim ental group in  
Q u a r t i le s  I ,  I I ,  and I I I  w h ile  the experim ental group gained more
than the contro l group on Q u a r t i le  IV .
The te s ts  fo r  s ig n i f ic a n c e  showed on ly  one o f  the d i f fe re n c e s  
to  be s igni f  ic a n t~ Q u a r t i  le  I ,  fa vo rin g  the co ntro l group.
Summary o f  data on to ta l  scores fo r  the e n t i r e  experim ental 
and contro l groups. When the mean g a in  o f  the e n t i r e  experim ental 
group was compared w ith  the mean ga in  o f  the e n t i r e  co n tro l group, 
the data revealed  th a t  the co ntro l group d id  s ig n i f i c a n t ly  b e t te r
than the experim ental group beyond the .05 l e v e l .
Conclusions
From the data  presented in  Chapter I I I  and summarized 
above, the fo llo w in g  conclusions seem warranted:
1. The achievement o f  the co ntro l group was h igher when
measured by a conventional t e s t  than the achievement 
o f  the experim ental group.
2 . The program used w ith  the co n tro l group seemed b e t te r
adapted to  the needs o f  the students in  the th ree  
lower q u a r t i l e s .
3 . The s m a lle r  d i f fe re n c e s  in  Q u a r t i le  IV in d ic a te d  th a t
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the experim ental program seemed b e t te r  adapted to  the 
higher a b i l i t y  group than the three  lower groups. 
k .  Further experim entation  w ith  a la rg e r  sample, over a
longer period  o f  tim e, and w ith  a v a r ie ty  o f  e v a lu a t iv e  
procedures is needed to determine the e f f e c t  o f  the 
"new" mathematics content on student achievement a t
I
a l l  a b i l i t y  le v e ls .
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UNIT I .  FRACTIONS
I .  PRIME FACTORS
I .  OBJECTIVES:
A. To develop in the students the s k i l ls  necessary for finding  
the L. C. M. by using the factoring method.
B. To develop in the students the correct technique for finding  
the prime factors o f large numbers.
C. To provide the students w ith  a usable d e f in i t io n  of a prime 
number.
D. To teach the students to work problems for themselves by 
try ing various methods before asking for a id .
I I .  INTRODUCTION:
. Three volunteers to come to board to work previous n igh t's  
homework. (Work only two or three problems in th is  fashion, 
having students expla in  the mathematical operations they used 
in solving the problems).
I I I .  SUBJECT MATTER:
A. The factoring  method o f finding the L. C. M. involves the use 
o f prime numbers. Read and expla in  the d e f in i t io n  of a prime 
number. The numbers 2, 3 and 5 are examples of prime numbers. 
None o f them have factors other than 1 and the number i t s e l f .
(N.l *  N ) . Le t's , l i s t  a l l  the prime numbers greater than 1 
and less than 50.
(2 ,3 ,5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,2 3 ,2 9 ,3 1 ,3 7 ,4 1 ,4 3 ,4 7 )
B. A number which has factors other than one and i t s e l f .  I t  is 
the opposite o f a prime number. I f  you fac to r  out a composite 
number you get i ts  prime numbers. A composite number is 
formed by m ultip ly ing  the prime numbers.
6 is composite. I ts  prime numbers are 3 and 2.
C. L is t  a l l  o f  the prime numbers in the following set of numbers.
Then c i r c le  the composite numbers. (Square a l l  prime numbers.)
53 58 59 61 63 67 69 71 73 77 78 79
D. You can express 12 as the product o f  i ts  factors: 4 X 3 or 2 X 6.
How would you express 12 as a product o f i ts  prime facto rs .
That is ,  each o f  i ts  factors should be a prime number.
( 2 X 2 X 3 )
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E. You know k  and 3 a re  fa c to rs  o f  12. Is k  a prime number? (no)
What a re  the prime numbers o f  k? (2 X 2) So we can w r i t e  12
as 2 X 2 X 3 .  Are 2 and 3 prime numbers? (yes)
(Unique f a c t o r iz a t io n  -  to  lowest prime n o .)
F. You can express 20 as the product o f  i t s  fa c to rs :  1 0 X 2 .  But
is 10 a prime number? (no) What a re  the prime numbers o f  10?
(5 X 2) So the prime numbers o f  20 are? (5 X 2 X 2)
G. Sometimes i t  is not easy to  f in d  the prime numbers. T h ere fo re  
you should fa c to r  i t  in s te p s .
Example I .
To express 1 as the product o f  i t s  prime fa c to rs  we must fa c to r  
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Example I I .  ( i f  necessary)
Express 300 as a product o f  i t s  prime numbers.
300
2 X 150
2 X 2 X 75
2 X 2 X 3 X 25
2 X 2 X 3 X 5 X 5
(2 X 2 X 3 X 5 X 5) -  300
This is c a l le d  unique f a c t o r i z a t io n  because we fa c to r  a number 
to  i t s  lowest prime fa c to rs .
Example I I I .  ( i f  necessary)
Express 70 as a product o f  i t s  prime fa c to rs .
70
7 X 10
7 X 5 X 2
(7 X 5 X 2) -  70
H. One method o f  f in d in g  prime numbers is by the Erasthostones  
method. L is t  a l l  o f  the odd numbers in succession. Then erase  
every th i r d  number a f t e r  th re e ,  every 5 th  number a f t e r  5 and so on.
I . Homework:
Find the prime fa c to rs  o f  the fo l lo w in g :
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1. 16 (2 X 2 X 2 X 2)
2. 18 (2 X 3 X 3)
3. 24 (2 X 2 X 2 X 3)
4 . 30 (2 X 3 X 5)
5 . 48 (2 X 2 X 2 X 2 X 3 )
6 . 64 (2 X 2 X 2 X 2 X 2 X
7. 80 (2 X 2 X 2 X 2 X 5 )
8. 288 (2 X 2 X 2 X 2 X 2 X
9. ^ (2 X 2 X I D
10 . 90 (3 X 3 X 5 X 2)
2)
3 X 3 )
IV. ACTIVITIES:
Optional Work
1. L is t  a l l  of the prime numbers between 2 and 100.
2. L is t  a l l  o f the prime numbers between 125 and 150.
B. Aiding students with individual work.
Never d ire c t ly  answer a problem but merely suggest various 
other methods of working the problem. Don't le t  the students 
depend on you for an answer but only for a id .
I f .  FACTORING TO FIND THE L. C. M.
I .  OBJECTIVES:
A. To develop in the students the a b i l i t y  to use factoring as a 
method of finding the L. C. H. for a set of numbers.
B. To provide a s u f f ic ie n t  number of examples so that even the 
slow students understand.
C. To continue aid ing the pupils in doing more e f f ic ie n t  individual 
work.
D. To teach the students how to sign papers before turning them in.
I I .  INTRODUCTION:
A. Review the past few days' work o ra l ly  with pupils . Explain a 
problem on equal frac tio n s , one on finding the prime factors, 
and one on finding the L. C. M.
1. Complete th is  set o f numbers so that each is an equal fra c t io n .
1 .  f* 16 24 _____
3 ? 2? ? 123
5 9
2 . 1 7_ 5__  ______
42 48~ T o
2 . Find the L . C. M. o f  these numbers.
1. 9, 18, 6 ,  4 (36)
2 .  5 . 15, 25 (75)
3 . Express th is  number as the product o f  i t s  prime fa c to rs .
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2 X 48 
2 X 2 X 2k 
2 X 2 X 2 X 1 2  
2 X 2 X 2 X 2 X 4  
2 X 2 X 2 X 3 X 2 X 2
I I I .  SUBJECT MATTER:
A. Now th a t  you have learned how to  express a number as a product 
o f  i ts  prime fa c to r ,  you can use prime fa c to rs  to  f in d  the  
L. C. M. o f  a se t o f  numbers. Set: A se t is  a group, fa m ily
or c o l le c t io n  o f  o b je c ts .  A group o f  numbers to  be fac to red
a l l  belong to  a s e t .
Example 1.
F i r s t  express each number as a product o f  i t s  prime fa c to rs .  
Number Prime fa c to r
Second, check the fa c to rs  o f  each number to  see how many times 
a fa c to r  is used in each number. You can see th a t  the g re a te s t  
number o f  2 's  o f  any number is two. The g re a te s t  number o f  5 's  
is one and the g re a te s t  number o f  3 's  is  two.
Then the L . C. M. 12, 10, and 9 must have 2 as a prime fa c to r  
tw ice , 5 once and 3 tw ic e . Are 12, 10 and 9 fa c to rs  o f  th is  
product? (yes, 2 X 2 X 3 X 3 X 5 - 1 8 0 )
B. Example I I .
Find the L . C. M. o f  6 , 14, and 21.
F i r s t  fa c to r  out each number.
12 -  
10 -  
9 -
2 X 2 X 3
2 X 5
3 X 3
6 - 3 X 2
1 4 - 2 X 7  
21 -  7 X 3
6o
What is the maximum number of times 2 appears? (1) 3? (1) 7? (1)
What is the L. C. M.? (2 X 3 X 7 -  **2)
C. Example i l l .  ( i f  necessary)
Find the L. C. M. o f 8, 12, and 15.
Factor each.
8 -  2 X 2 X 2
1 2 = 2 X 2 X 3  
15 *  5 X 3
What is the maximum number o f times 2 appears?
(3) 3? (1) 5? (1) 7? (0)
What is the L. C. M.?
(2 X 2 X 2 X 3 X 5 *  120)
IV. ACTIVITIES:
A. Have students factor various numbers a t  home to determine the 
L. C. M.
B. Allow time for students to discuss any problems which seem to 
give them the most d i f f i c u l t y .  ( I t  is wise to encourage 
discussion by the slower students.)
I I I .  EQUAL FRACTIONS
I .  OBJECTIVES:
A. To develop in the students an understanding of the basic 
terminology for frac tion s .
B. To develop in the students the s k i l ls  necessary for common 
frac tion s , both largest and smallest.
C. To develop an understandihg that m ultiplying and dividing a 
frac tio n  by the same number doesn't change its  value.
D. To show the re la tionsh ip  between improper fractions and mixed 
numbers.
E. To teach the students how to use diagrams to show equality  of 
frac tion s .
I I .  INTRODUCTION:
A. Vocabulary -  W rite  on board.
1. Equal frac tio n s— two fractions are equal i f  they have the 
same numerical value.
2. Proper frac tion s— two fractions are proper i f  they have a 
la rger denominator than numerator.
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3 . Improper f r a c t io n s - - tw o  f r a c t io n s  a re  improper i f  the  
numerator is  equal to  or la r g e r  than the denom inator.
4 .  Mixed number— a f r a c t io n  is  a mixed number i f  i t  co n ta in s  
both a whole number and a f r a c t io n .
B. O ra l:
The teach er w i l l  draw on the board a number l in e  and ask the  
fo l lo w in g  questions:
I j l l l l l l l l l l l l l f t 1 1 I
o i * * *  * l i  2
1. This number l in e  is  d iv id e d  in to  h a lv e s , fo u r th s ,  e ig h th s *  
and s ix te e n th s .  How many e ig h ths  a re  th e re  between 0 and 
3/4? (6) Are 6 / 8  and 3 /4  equal f ra c t io n s ?  (yes) Are  
12 /16  and 3/** equal f ra c t io n s ?  (yes)
2 .  How many fo u rth s  a re  th e re  between 0 and 1? (4 ) How many
eighths? (8) How many s ix te e n th s ?  (16) Do 4 / 4  and 1 
name the same number? (yes) 8 / 8  and 1? (Yes) 16 /16  and 
1? (yes)
I I I .  SUBJECT MATTER:
1 . As you know numbers such as 3/** and 6 / 8  a re  c a l le d  proper  
f r a c t io n s .  W r i te  these on the board and then ask the c la ss  
fo r  o th er examples. E x p la in  the d e f i n i t i o n  6 f  a proper  
f r a c t io n .
2 .  F ra c tio n s  such as 8 /8  and 2 4 /1 6  a re  examples o f  improper 
f r a c t io n s .  W r ite  these on the  board and then ask the c la s s  
fo r  more examples. E x p la in  the d e f i n i t i o n  o f  an improper 
f r a c t io n .
3 . F ra c t io n s  such as l £  and 2 1 /8  a re  examples o f  mixed numbers. 
Ask the c la s s  fo r  more examples and w r i t e  them on the board.  
E x p la in  the d e f i n i t i o n  o f  a mixed number.
4 .  The number th re e - fo u r th s  is  named by the numeral " 3 /4 " .  In 
th is  numeral 3 is  the numerator and 4  is  the denom inator.  
These a re  the terms o f  the f r a c t i o n .  The numerator in d ic a te s  
the number o f  p a rts  o f  the whole under d is c u s s io n . The 
denominator names the number o f  equal p a r ts  in to  which the  
whole is  to  be d iv id e d .
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What are the terms o f the fra c t io n  2 /3  (2 and 3 ) .  o f 15/16 
(15 and 16), o f 1/12? (1 and 12 ).
5 . Look a t  the terms of the fra c t io n  12/18. Is 2 a common 
fa c to r  o f both numerator and denominator? (yes) Is 3 a 
common factor? (yes) Is 6? (yes) Can you th ink  of any 
other common factor? The fa c to r  6 is c a lle d  the largest  
common fa c to r  o f  12 and 18 because i t  is the la rgest number 
which w i l l  go evenly in to  both. D ivide both terms of 12/18  
by 6 /9 ,  4 /6 ,  and 2 /3  equal fractions? (yes)
6 . Could anyone show us by means of a free  hand diagram that  
2 /3  -  4 /6  -  6/9?
7. Does 8/12 -  2 /3  ( j f  t  4 /4  -  2 /3 )
8 .  Does 1/3 -  2 /6  (1 /3 X 2 /2  -  2 /6 )
9. Complete th is  sentence: A fra c t io n  may be expressed as an 
equivalent fra c t io n  b y  or by________________
both i ts  numerator and denominator, by the same number 
(m ultip ly ing  and d iv id in g ) .
10. Work these in d iv id u a l ly .
5 / 8  « 10/16  = (15) = | £  (80)
48 24 V2. ?_ 3_
V i  "  32 "  ? “  8 “  ? (4)
6 18 ? (12)
5 *  15 *  10
2 / 3 - J . 2  -  20
? (18) ? (30)
11. What is  the la rg e s t common fa c to r  of the terms of 8 ? (4)
12
Divide both terms by 4 .  Is there any other number except I 
which w i l l  go evenly in to  both numbers? (yes, -2 )  Four is 
the la rg e s t therefore  the fra c t io n  2 /3  is in lowest terms.
When the terms of a f ra c t io n  are divided by th e ir  la rgest
common fa c to r ,  the resu lt in g  fra c t io n  is always in lowest terms
12. I f  a represents a whole number g rea ter than 0 and j3 represents 
a wjiole number grea ter  than a, is £  a proper frac tion? (yes)
Is — an improper frac tion ?  (yes) Does ^a name the same
number as -r ? (yes) Why? (because both a and b are m u lt ip l ie d




1. Copy and complete the sets o f  numbers so th a t  the f ra c t io n s  
are  equal f r a c t io n s .
i  % P )  j  V*) - p (32) I 2 0 0 0 )
? (5) 10 ? (20) £ £  T_ (100)
6 12 25 ? (60) 120
2 . The diagram shows th a t  J. m (2 1 / 3 ) . Supply a mixed number.
l*J* i • I I»1 « 1*1 l€| l 1
3 . Which f ra c t io n s  a re  eq u iva len t?
1 /2  2 /3  4 / 8  1 /3
9 /12  3 A  6 / 8  8 /12
A. W rite  in lowest terms.
4 /8  (1 /2 )  3 /15  (1 /5 )  5 /2 0  (1 /4 )  7 /1 4  (1 /2 )
5 .  OPTIONAL
6a a_  X f  1 /2  -  ?_____  (X)
£b “  ? (b) Y t 1 /2  Y
IV . LEAST COMMON MULTIPLE
I .  OBJECTIVES:
A. To s tre s s  the importance o f  f in d in g  the L .  C. M. in  r e la t io n s h ip  
to  fu tu re  work.
B. To develop the s k i l l s  necessary f o r  f in d in g  the L . C. M.
C. To develop an understanding o f  the basic term inology o f  
f r a c t io n s .
D. To show the r e la t io n s h ip  between th is  m a te r ia l  and m a te r ia l  
p re v io u s ly  ta u g h t.
6k
I I .  INTRODUCTION:
Vocabulary— To be w r it te n  on board and explained when met in 
lesson.
A. M u lt ip le — The product o f two or more factors is a m ultip le  of 
each o f them.
B. Least common m u lt ip le— Is the smallest number which is a 
common m ultip le  o f a l l  numbers being used.
O ra l:
C. Finding the m ultip les , common m ultip les , and least common 
m u ltip le , w i l l  be very important in finding the leas t common 
denominator and prime factors o f a number. To add or subtract 
frac tio n s , f i r s t  we must find the least common denominator.
111. SUBJECT MATTER:
A. You know that 8 and 9 are factors of 72 because 8 X 9 *  72.
This is to say that 72 is a m ultip le  of 8. Refer to the
d e f in i t io n  of m u lt ip le .
Is 72 a m u ltip le  of 9? (yes, 8 X 9 )
Of 6? (yes, 6 X 1 2 )
Of 12? (yes, 12 X 6)
Of 2? (yes, 2 X 36)
Is 13 a facto r o f 72? (no) Then is 72 a m ultip le  of 13? (no.)
B. You know that 20 is a m u ltip le  o f both 2 and 5. Then 20 is a 
common m u ltip le  o f 2 and 5. Is 20 the smallest common m ultip le  
of 2 and 5? (no) What is? (10)
Since 10 is the smallest number that is a m ultip le  of 2 and 5,
i t  is c a lle d  the leas t common m ultip le  (L. C. M. ) ;  check the 
d e f in i t io n  o f L. C. M.
C. Name four common m ultip les o f 2 and 3. (6, 12, 18, 2k)
Of 2, 3 and k.  (12, 2k,  36, k8)
Which are the L. C. M.? (6 and 12)
D. D e f in it io n
The lea s t common m u ltip le  o f a set o f  two or more numbers is the 
smallest number th at is a m u ltip le  o f each o f the numbers. 
Example: 2, 3, k *  12.
E. Find the leas t common m u lt ip le .  Individual work.
a .  2, k,  5 (20)
b. 2, k,  8 (8)
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c . 3, 6 ,  8 (24)
d. 10, 15, 20 (60)
e .  4 , 9,  18 (36)
f .  5 , 10, 20, (20)
F. You have seen th a t  the le a s t  common m u lt ip le  may or may not 
be one o f  the numbers in the s e t ,  must i t  be the la rg e s t?  (yes) 
I f  i t  i s n ' t  the la rg e s t ,  must i t  be a m u lt ip le  o f  the la rg e s t  
number? (yes)
G. One way to  f in d  the L . C. M. o f  a s e t o f  numbers is f i r s t  to  
t r y  the la rg e s t  number in the s e t .  I f  i t  i s n ' t  a m u lt ip le  o f  
a l l  the numbers, double i t ,  t r i p l e  i t ,  and so on.
Example:
Find the L. C. M. o f  3, 6 , and 5 .
1 . Try 6 .  Is i t?  (no)
2 .  Try 2 X 6; 3 X 6; 4 X 6; 5 X 6 .
3 . Is 30 the L. C. M. o f  3, 6 and 5? (yes)
IV . ACTIVITIES:
A. Homework: Place on biackboard. Find the L. C. M. o f  each o f  
the fo l lo w in g .
1 . 8, 16, 12 (16)
2 . 9 , 6 , 3 (18)
3 . 21, 7, 6 (42)
4 .  5 , 15, 25 (75)
5 .  4 ,  8, 5 (40)
6 .  9, 18, 6 , 4  (36)
7 . 9, 12, 15 (180)
8 . 4 ,  6 , 10, 15 (60)
9. 5 , 8, 10 (40)
10. 7, 5 , 2, 1 (35)
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APPENDIX B
UNIT I I .  FRACTIONS AND RATIONAL NUMBERS
I.  MULTIPLYING FRACTIONS AND MIXED NUMBERS
I .  OBJECTIVES:
A. To develop in the students the a b i l i t y  to m ultip ly  mixed 
numbers and frac tio n s .
B. To teach the students the procedure and importance of 
reviewing work.
C. To teach the student how to change mixed numbers into  
fractions and fractions into mixed numbers.
D. To develop in the student second method of multiplying  
mixed numbers and frac tion s .
I I .  INTRODUCTION:
A. Reteach the meaning of the d is tr ib u t iv e  law of mathematics.
B. Have two or three students go to the board and work some 
problems where they w i l l  use the d is tr ib u t iv e  law of 
mathematics.
I I I .  SUBJECT MATTER:
A. M u ltip ly  these numbers:
As th is  example shows, the product of three or more fractions  
can be reduced to lowest terms before m ultip ly ing .
By what common factor did we divide 2 and 16? (2) 3 and 9?
(3) 3 and 6? (3) Can 5. be reduced? (No)
16
B. Express the products in lowest terms.
• 2 X 2. x JL a _L
8 9 10 48
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4 .  6 21 1 3 5 .  5 14 6 1 6 .  5 3 2 1
7 x 32 x 10 *  Zk 12 x T5 x 7 “  3 6 x 10 x I  “  Z
One way to  f in d  the product o f  a f r a c t io n  and a mixed number
or o f  two mixed numbers is to  express the mixed numbers as
improper fra c t io n s  and then m u lt ip ly .




1  x 49
1 5 5
Express 49  as a mixed number:
49  9 it
5 “  5
0 . Find the products: Express improper f ra c t io n s  as mixed numbers.
4 .  3 |  x 1 j  ■ 4 |  5 .  2 y  x I j  ■ 4 6 .  2-jr x fcl *  6
E. Here is a second way o f  m u lt ip ly in g  mixed numbers. Use i t  only
when you th in k  i t  is convenient.
1 x 4 - 1  2 2
Is th is  equal to  ( i  x 4 ) + ( j  x i ) ?  (yes)
Then m u lt ip ly  the i  in 4 j  by 4
2 x £  « i
Next m u lt ip ly  the 4 by j .
£ x 4 -  2 
Now add both products
*  + 2 -  H
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F. Using th is  method work the fo llowing:
1 . 16 2 .
5 I  
6
3 i  
37
G. Work the following
1 + 1 = 1Z
9 *+ 36
2 - i  -  2  -  3 
11 10  "  110
IV. ACTIVITIES:
A. A general review
Put examples o f a l l  problems on the board and then answer a l l  
questions.
1 . 2_ k_  m  16 ko_
?5 10 25 T O  ?100
Complete so as to make a l l  fractions equal.
2 . Find the leas t common m u lt ip le .
3 . Express each of the following as a product o f i ts  primes.
9, 18, 6, 4 *  36
1 . 6k 2. 72 3. 73
2 x 2x2x2x2x2 3x3x2x2x2 73
k.  Using factoring find the Least Common M u lt ip le .
1. 10, 12, 16 (60)
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5 . Work the fo l lowing
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I I . MULT I PL I CATI ON AND RECIPROCALS
I .  OBJECTIVES:
A. To develop in  the student the a b i l i t y  to  f in d  the re c ip ro c a l  
o f  any number.
B. To teach the students th a t  the m u l t i p l i e r  or op era to r  times 
i t s  rec ip ro ca l equals to  1.
C. To reteach the a s s o c ia t iv e  law o f  m u l t ip l ic a t io n .
I I .  INTRODUCTION:
A. Rec iproca ls  a re  im po rtan t.
The d e f in i t io n  o f  a re c ip ro c a l is th a t  number which g ives a 
product o f  one when m u l t ip l ie d  by the o r ig in a l  number.
Put d e f in i t io n  and an example o f  the use o f  re c ip ro c a l on the  
board .
B. We w i l l  use re c ip ro c a ls  in working w ith  d iv id in g  f r a c t io n s  and 
l a t e r  on in  equations and in e q u a l i t ie s  we w i l l  come in co n ta c t  
wi th them aga i n .
I I I .  SUBJECT MATTER:
A. Find the product o f  these numbers.
a .  1 /2  x 2 « 1
b. 3 x 1 /3  »  1
c .  17 x 1 /17  = 1
d. 1 /286 x 286 *  1
You w i l l  f in d  th a t  the product o f  each is 1.
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"Pa irs  o f  numbers whose product is 1 are ca lled  rec ip roca ls .  
The reciprocal o f 8 is 1 /8  and the reciprocal of 1 /8  is 8 . 
Each member of the pa ir  is the reciprocal of the other.
B. Replace each _? witfi the rec ip ro ca l.
1 . 6 x ? (1/ 6 ) -  1 5 . 1/10 x (10)? -  1
2 . (1/14)? x 14 -  1 6 . (1/64)? x 64 -  1
3. (1 /9)? x 9 -  1 7 . 298 x (1/ 298) ? = 1
4 . 1/18 x (18)? = 1 8 . 1/1764 x? (1764) = 1
C. in th is  example 1/4 is the m u lt ip l ie r .
1/4 x 32 -  8
What is 4 x 8 = 32 ?
Which number is the m u lt ip l ie r?  (4)
0 . Which is the m u lt ip l ie r  in th is example?
(1/16) x 64 = 4 
What is 16 x 4 « (64) ?
Which is the m u lt ip l ie r?  (16)
E. Which is the m u lt ip l ie r  in th is  example?
(1 /5 ) x 125 -  25
What is 5 x 25 -  (125) ?
Which is the m u lt ip l ie r  (5) ?
F. To see the re la t ion sh ip  between these m u lt ip l ie rs  find the 
product o f  each pa ir  o f m u lt ip l ie rs .
1 /4  x 4 *  1 1/16 x 16 -  1 1/5 x 5 = 1
Are the m u lt ip l ie rs  in each p a ir  reciprocals? (yes)
G. Is th is  sentence true? (yes)
(1 /4  x 32) x 4  — 32
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Then you would re w r ite  the problem as:
(1 /4  x 4 )  x 32 = 32 
\ / k  x 4 = l
Would any number (N) m u lt ip l ie d  by the product o f  the  
re c ip ro c a ls  equal the number? (yes)
N X (1 /a  x a) -  N
H. Using the re c ip ro c a ls  re w r ite  these problems.
(1 /16  ? x 16) x 64 *  64 
(1 /5  x ?5) x 125 -  125
I .  The commutative p r in c ip le  o f m u l t ip l ic a t io n  s ta te s  th a t  the 
product o f  numbers are  the same, regard less o f  t h e i r  o rd e r .  
Have someone read the d e f in i t io n  from th e i r  book. Since  
m u lt ip l ic a t io n  is a s s o c ia t iv e ,  is  th is  sentence true? (yes)
1/16 x (16 x 64) ■ 64
J. Rew rite  these using re c ip ro c a ls .
(Do oral 1 y)
(1 /4 )?  x (4 x 32) » 32 
1/5 x (? 5 x l2 5 )»  125
K. Find the products of each.
2 /3  x 3 /2  -  1 5 /8  x 8 /5  -  1 1 3 / 1 6 x 1 6 / 1 3 * 1
Why are  these numbers rec ip ro ca ls?
(Because th e i r  products are o n e .)
L . R ew rite  as tru e  sentences. Check by completing the in d ica ted  
o p e ra t io n s .
1 . ? 3/2  x (2 /3  x 15) -  15
2 . 5 /8  x (? 8/5  x 20) -  20
3 . 1 /7  x (?7 x a) -  9
4 .  ? 3 /4  x (4 /3  x 12) -  12
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IV. ACTIVITIES:
A. For the pupils who need ex tra  prac tice  a t  working the prob 
w rite  these problems on the board and help them work them.
1 . 1/6 x (? 6 x 36) *  36
2 . ? 7 x (1/7 x 21) = 21
3 . 8 x (? l / 8  x 24) -  24
4 . 2/3 x (?3/2 x 12) = 12
I .  OBJECTIVES:
A. To teach the students how to divide frac tio n s .
B. To teach the students that the m u lt ip l ic a t io n  of a reciprocal 
is equal to d iv is io n  by that number.
C. To develop in the students the a b i l i t y  to set up a w ritte n  
problem.
0. To teach the students the a b i l i t y  to id e n t ify  reciprocals .
I I .  INTRODUCTION:
A. You have learned that the inverse of m u lt ip l ic a t io n  is d iv is io n .
1 /4  x 936 *  9 
36 4 1/4
I I I .  SUBJECT HATTER:
A. Divide these problems by substitu ting  the reciprocal for the 
d iv iso r  and m u lt ip ly .  Do these on the board.
I I I .  RECIPROCALS
P  x 4/1 -  « 144
1 . 56 4 14 = 4 5 . 14 t 1 /7 -  98
2 . 82 4 1/6 -  492 6 . 82 4 2 /3  -  123
3. 608 4 4 /5  *  760 7. 1608 4 24 -  67
4 .  1056 - 1 2 = 88 8 . 287 4 7 /8  -  328
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B. D iv is io n  is a ls o  the inverse o f  m u l t ip l i c a t io n .
48 t  6 -  1/6  x  W
63 t 9 -  1 /9  x 63
D on 't you g e t the same answer by m u lt ip ly in g  by the re c ip ro c a l  
as by d iv id in g  by a number?
C. To be done in d iv id u a l ly
1. 5 /6  t 5 /8  « 1 1 /3  5 . 7 /8  t 15 /16 -  14/15
2 . 1/6  -5 4 1 /3  -  1 /26  6 . 2 /3  ? 8 /1 5  -  I 1 /4  (3 /4 )
3 .  8 /1 6  *  7 /8  -  9 1 /3  7 . 6 3 /8  :  3 A  ■ 8 1/2
4 .  3A  i  9 /10  -  5 /6  8 . 2 5 /3 2  i  2 5 /8  -  2 3 /2 8
D. The band lead er sa id  th a t  o n e -e ig h th  o f  the students in  
school were in the band. There were 97 students in  the band. 
How many students were th e re  in the school?
You know th a t  the band was o ne-e igh th  o f  the s tudent body.
So 1 /8  o f  the student body — 97.
The e n t i r e  student body should be 8/ 8 . So m u lt ip ly  8 x 9 to  
f in d  the to ta l  number o f  s tud en ts .
8 x 97 -  776.
What is the r e la t io n s h ip  between 1 /8  and 8? (R e c ip ro c a ls .)  
When you knew 1 /8  o f  the students equaled 97 > you m u l t ip l ie d  
97 by the re c ip ro c a l o f  1/8  to  f in d  the to ta l  s tudent body.
E. I f  234 is  1 /10  o f  a number, what is the number?
1/10  x ? -  234
Why can (10 x 234) rep lace  the ??
10 x 1/10  is  1 & 234 -  234




Was 23^0 the o r ig ina l number? (yes)
Try i t .
1/70 x Z i f a  « 234
F. Use th is  method to rew rite  the following as true sentences.
1 . 7/8  x 7 -  1806 (2064)
2 . 11/11  x ? » 264 (288)
3. 5 /6  x ? *  1435 0722)
4 . 2 /7  x ? = 1764 (6174)
5 . 3 / 5 x 7 - 2 8 4 1  (4735)
6 . 2/3  x 7 -  3922 (5883)
G. One year a dealer was able to se ll only 9/10 of the new cars 
shipped to him. I f  he sold 234 cars in a l l ,  how many cars 
were shipped to him? (260)
9/10 x 7 -  234
10 ^9/10 x x ^  x 234) -  234
9/10 x 260 = 234
H. Mr. Greene's family spent 7 /8  o f  the money he budgeted for  
clo thes. I f  there was $112 l e f t ,  what was the o r ig in a l  
amount set aside? (# 9 6 )
I .  Te ll whether or not the two numbers are reciprocals o f each 
other.
7 / 8 x 7 = 1 1 2 1/8  x 7 -  112
/ I
7/8 x 1
1/8 x (8/1 x 112) = 112
1/8  x 896 « 112
1 . 5 / 2 ,  2/5 4 .  4 /1 7 , 71/4
2 . 1/ 12, 12 5 . 5 3 /4 , 5 4 /3
3. 19/2, 9 1/2 6 . 6 2 /3 , 21/32
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7. 2 3 /1 2 , 21 /32 10. 12 /10 , 5 /6
8 . 7 /3 ,  2 1 /9  11. 0 /3 ,  0 /4
9. 5 /5 ,  5 /5  12 . 9/ 10, 1 1 /9
IV . ACTIVITIES:
A. fo r  the p up ils  who want e x tra  p ra c t ic e  a t  working problems 
using re c ip ro c a ls  to f in d  the whole, w r i te  these problems 
on the board and help them work them.
1. 5 / 9  x ? -  895 ( 1611)  4 .  10/12  x ? -  5000 (6000)
2 . 3 /4  x ? -  186 (248) 5 .  7/1 x ? *  1442 (206)
3 . 11/10  x ? -  1122 (1020) 6 . 2/5  x ? -  8422 (21055)
IV . DIVIDING FRACTIONS
I .  OBJECTIVES:
A. To teach the students a d i f f e r e n t  method o f  d iv is io n .
B. To g ive  p ra c t ic e  a t  working w ith  w r i t te n  problems.
C. To show the re la t io n s h ip  between decimal f ra c t io n s  and 
common f r a c t io n s .
D. To provide work reviewing the previous day's lessons.
I I .  INTRODUCTION:
A. You have learned th a t  to d iv id e  common fra c t io n s  you m u lt ip ly  
by the re c ip ro c a l .
1 3 /4  i  5 /8
7 /4  t 5 /8  
2
7 /4  x t / S  = 14/5 o r  2 4 /5  
1
B. Here is a second method o f  working th is  problem. In th is  
method the fra c t io n s  are  expressed wi t h  a common denominator, 
then one numerator is d iv ided  by the o th e r .
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1 3 /4  : 5 / 8  =
7/ 4  - 5 / 8 *
14/8 t  5/8  -
14 4 5 *  2 4 /5
Here is a second example.
3 /5  ■: 3/10 
6 /10  4 3/10  
6 : 3 - 2
C. Could we have three people come to the board and work some 
examples?
1 . 15/16 4 3 / 4 - 1 1 / 4
2 . 2 3 /8  4 1 1/16 -  2 4 /17
3 . 1 2 /3  4 5 /9  - 3
111. SUBJECT MATTER:
A. Paper from a book is about 1/320 of an inch th ic k . About 
how many sheets of th is  paper would there be in a 3 / 4 - inch 
book? (Ask pupils to work th is  a t  th e ir  desks and afterwards  
get someone to exp la in  i t . )
3 /4  4 1/320 
155 * , /3 2 °
240 4 1 — 240 pages
B. You know th a t  frac tions  may be expressed e i th e r  as common 
frac tio n s  or as decimal fra c t io n s .  For example the common 
f ra c t io n  1/10 may be expressed as . 1 .





C. Mixed numbers, as you know, may be expressed as decimal mixed 
numbers. For example 1 1/10 may be expressed as 1 . 1 .  Express 
2 7/10  as a decimal mixed number. (2 . 7)
D. Here are  the place names fo r  the numbers r ig h t  and l e f t  o f  
the decimal p o in t .
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E. There are  four decimal places in .8675 . How many zeros a re  




F. Compare the number o f  decimal places in H. w ith  the number
o f  zeros in the denominators o f  the e q u iv a le n t  common f r a c t io n .  
What is the pattern?
(The number o f  zeros always equals the number o f  decimal p la c e s .)

















H. Express these common f ra c t io n s  as decimal f r a c t io n s .  (O ra l ly )
1. 651 ( .0651 )
10,000




(.0 124 2 ) 4 .  2 ( . 0002)
10,000
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I .  Express the fo llowing decimal mixed numbers as mixed fra c t io n s .  
(O ra lly )
' •  26 7§0  3 - ,t8-503
2 - , 9 -o n  , 9 l w o  '*• 70- 0006,t 7? J ^ 0 0 0
IV . ACTIVITIES 
A. Homework
These problems are a b r ie f  review of some o f the problems 
dealing w ith  f ra c t io n s . This is due in two days.
1. Perform the indicated operations.
A. 40 3/10 B. 756 13/16 C. 482 1/3 D. 806 4 /9
+ 20 2/15 + 349 5 /6  -  194 5 /7  -  328 4 /5
5 7/12 902 7/12
2 . Find the products:
A. 2J_ x 5/7  B. J[6 x 3/|f C. 3 /8  x 5 /16 x 16/45
D. 5 1 /9  x 3/10
3. Rewrite , replacing each "?" w ith a rec ip ro ca l.
A. ? X (14 X 83) -  83 B. 1/12 X (? X 403) -  403
4 .  Using Reciprocals, make these true sentences.
A. 1 /4  x (?) -  37 B. 1/7 X (?) -  112 C. 5 /9  X (?) -  60
5 . Give the quotients .
A. 1/6 :  7 /8  B. 5/12  4 5 /6  C. 7 1/3 -5 11/15
D. 27 1/2 4 6 2 /3  E. 9 1/5 4 3 5 /6  F. 2 7/32 4 4 7 /8
Paper from a book is about 1/320 o f an inch th ic k .  About 
how many sheets o f  paper would be in a 3 /4  inch book?
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V . POLYNOMIALS
I .  OBJECTIVES:
A. To show the students how a decimal f r a c t io n  may be expressed  
as a whole number times a f r a c t io n .
B. To teach the use o f  exponents in  expressing decimal f r a c t io n s .
C. To help students le a rn  th a t  skipp ing steps in mathematics on ly  
leads to  co nfus io n .
D. To prov ide e x tra  problems fo r  those wanting more p r a c t ic e .
I I  . I ■TlltODUCT I ON:
A. There is a very c lose r e la t io n s h ip  between f r a c t io n s  and
decimal f r a c t io n s .  We w i l l  le a rn  to  convert one in to  the o th er  
and then in to  a polynomial express ion .
I I I .  SUBJECT MATTER:
A. The number .4  can be expressed as k  X 1 /1 0 .  The number .01 
can be expressed as 1/100 or 1 X 1 /1 0  X 1 /1 0 .  The number .007  
can be expressed as 7 X 1 /10  X 1 /1 0  X 1 /1 0 .
2
B. Does 1 /10  X 1 /10  « 1 /10  ? (yes) Then may .01 be expressed as 
1 X 1 /1 0 2? (yes) Does 1 /1 0  X 1 /1 0  X 1 /10  •  1 /1 0 3? (yes)
Then may .007 be expressed as 7 X 1 /10*?  (yes)
C. Using exponents in the denominator o f  the f r a c t io n ,  express  
each o f  the fo l lo w in g .
1. .0008 (8 X 1 /10^ ) k .  .002 (2 X 1 /1 0 3)
2 .  .06 (6 X 1 /1 0 2 ) 5 .  .8  (8 X 1 /1 0 )
3 . .00005 (5 X 1 /1 0 5 )
D. Study these problems. In each case, compare the number o f  
places in the decimal f r a c t io n  w ith  the exponent in the denom­
in a t o r .  Is th e re  a re la t io n s h ip ?
(yes, the exponent is always the same number as the number 
o f  decimal p la c e s . )
E. Express each o f  the fo llo w in g  as a decimal f r a c t io n .
1. 6 X 1 /1 03 ( .0 0 6 )  k .  7 X 1 /1 0 2 ( .0 7 )
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2. 3 X 1/10 ( .3 )  5 . 4 X 1/10^ (.0004)
3 . 9 X 1/1 O'* (.00009)
F. Using exponents, le t  us analyze the value represented by each 
d ig i t  in th is  decimal frac tion  .60849
The 6 is in tenth 's  place 6 X 1/10
The 0 is in hundredth's place 0 X 1/10
The 8 is in thousand's place 8 X 1/10?
The 4 is in ten-thousand place 4 X 1 / 1 0  _
The 9 is in hundred-thousands place 9 X 1/10
Do you see that .60849«may be expressed as a polynomial?
(6 X 1/10) + (0 X 1/10^) + (8 X 1/103) + (4 X 1/10^) + (9X1/105)
G. Express each of the following as a polynomial.
1. .385 (3 X 1/10) + (8 X 1/102) + (5 X 1/103)
2 . .6752 (6 X 1/10) + (7 X 1/102) + (5 X 1/103) + (2 X 1/10**)
3. .37298 (3 X 1/10 + (7 X 
(8 X 1/105)
1/102) + (2 X 1/103) + (9 X 1/10**) +
4 . .5304 (5 X 1 / 1 0 ) +  (3 X 1 /102) + (0 X 1/103) + (4 X 1/10^)
H. Is th is sentence true? (yes) Check by working out the 
operations.
(6 X 1/10) + (7 X 1/102) + (5 X 1/103) + (2 X 1/10**) -
6752 X 1 / I  01*






I .  Do you see a re la tionsh ip  between the exponent in the 
denominator o f 1/10 and the number of places in the decimal 
fraction? (.6752) (Yes, they are the same.)
J. Is th is  a true sentence? (Yes)
.86024 *  86024 X 1/10**. Check by m u lt ip l ic a t io n .  Have one 
student work i t  on the board and the rest of the class a t  th e ir  
desks.
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86024 X 1 /1 05 -  86024 X 1 /1 0 0 .0 0 0  -  86024
100,000
86024 -  86024
K. Express each o f  the fo l lo w in g  as a whole number times a 
f r a c t io n  whose denominator is ten or a power o f  te n .
1. .315 315 X 1 /1 0 3 4 .  .72 72 X 1 /1 0 2
2 . .00971 971 X 1 /1 05 5 .  .038  38 X 1 /1 0 3
3. .5006 5006 X 1 /10^
IV . ACTIVITIES:
A. P ra c t ic e  e x e rc is e :
1. Change these decimal f ra c t io n s  in to  whole numbers times a 
power o f  1/ 10 .
a )  .06 6 X 1 /1 02 c) .0007 7 X 1 /10^
b) .3 3 X 1 /10  d) .005 5 X 1 /1 0 3
2 . Express these as a decimal f r a c t io n .
a) 7 X 1 /1 0 2 .07 c ) 5 X 1 /1 0 3 .005
b) 9 X 1 /1 05 .00009 d) 3 X 1 /1 0 1 .3
3 . Express each as a polynomial exp ress ion .
a )  .71 (7 X 1 /1 0 ) + (I X 1 /1 0 2)
b) .301 (3 X 1 /1 0 ) + (0 X 1 /1 0 2) + (1 X 1 /1 03)
c) .60003 (6 X 1/101 + (0 X 1 /1 0 2) + (0 X 1 /1 0 3) +
(0 X 1 /1 0 * )  + (3 X 1 /1 0 5)
d) .00573 (0 X 1 /1 0 ) + (0 X 1 /1 0 2) +  (5 X 1 /1 0 3) +
(7 X 1 /10^ ) + (3 X 1 /1 0 5)
V I .  ADDITION OF RATIONAL NUMBERS
I .  OBJECTIVES:
A. To in troduce the use o f  n e gative  r a t io n a l  numbers.
B. To show a few p r a c t ic a l  uses of the number l i n e .
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positive plus positive numbers and negative plus positive  
numbers.
D. To state the rules in adding these three types of numbers.
E. To teach the use of the number l in e  in doing these procedures.
I I .  INTRODUCTION:
A. You have covered the positive numbers on the number l in e .
These are a l l  the numbers r igh t of the zero or o r ig in .
Today we wi l l  go into negative numbers.
I I I .  SUBJECT MATTER:
A. On a number l in e  we have zero, the positive numbers r igh t of 
the zero and the negative numbers l e f t  of the zero. A good 
example of this is a thermometer. We have zero degrees and 
positive degrees up to 110. Below zero we have negative 
degrees down to 20. Any temperature above zero is recorded 
wi%h a a" + " . and a represents degrees below zero.
B. The idea of points along a l in e  on opposite sides of a fixed  
point occurs frequently in our ordinary tasks. We use 
locations north and south of a given point such as Lafayette, 
We also use to the l e f t  or to the r ig h t, a lt itu des  above or 
below sea le v e l ,  longitudes east or west, or the time before 
or a f te r  a certa in  event.
In each of these there are points located on opposite sides of 
a given point.
C. To construct a number l in e  we use zero as the center and then 
measure o f f  equal distance r ig h t and l e f t  or up and down.
I I I I L
0 +1 +2 +3 +4
We locate -1 as opposite to +1 in the sense that i t  is 1 unit 
to the l e f t  of zero. S im ila r ly  -2  is opposite to +2, is 
opposite +£.  These pairs of numbers are equal distance from 
zero but on opposite sides.
The negative symbol t e l ls  us that the number is less than 
zero.
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I f  no sign appears the number Is  p o s i t iv e .  We use the p o s i t iv e  
sign l4+,a to  emphasize p o s i t iv e .
0 . These new numbers we have introduced by th is  process are  the  
n e g ative  r a t io n a 1 numbers.
E . The s e t co n s is t in g  o f  p o s i t iv e  r a t io n a l  numbers, n e g a tive  
ra t io n a l  numbers, and zero  is c a l le d  r a t io n a l  numbers.
Uses o f  N egative  Numbers
F. To p lo t  an a i r l i n e r  f ly in g  an e a s t-w e s t course over Chicago  
we could l e t  p o s i t iv e  numbers represen t d is ta n c e  e a s t  o f  
Chicago and n e gative  numbers represent d is tan ce  west o f  
Chicago. For an a i r l i n e r  f ly in g  a n o rth -s o u th  course over  
Chicago, how could you represen t th is?
 I I I I i  i  i
-300 -200 -100 0 +100 +200 +300
G. The time before  and a f t e r  the launching o f  a s a t e l l i t e  can 
be in d ic a te d  on a number l in e  l i k e  the fo l lo w in g .
. }  - j  )  . j  ^  • ;  1
(Seconds before  launching) (Seconds a f t e r )
H. Note th a t  the number l in e  need not be h o r i z o n t a l ly .  I f  we 
wish to  show a l t i t u d e  above and below sea le v e l ,  i t  is more 
n a tu ra l to  p lace the l in e  how? ( V e r t ic a l )
1. Locate on the number l in e  the fo l lo w in g  numbers.
a . -8 d. k / 8
b. - 7 A e . 1 .5
c . 1 3 A f .
Are th ere  any opposites in th is  ’
- 7 A  & 1 3 A ,  k/ S  &
J . Arrange the fo llo w in g  numbers in the order in  which they appear 
on the number l i n e .
A ,  1 A ,  - 7 A ,  - 7 / 8 ,  5 /8 ,  - 6 ,  - 3 / 8 ,  3 A .
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Addition of Rational Numbers
K. Let us say we wanted to add the two po s it ive  numbers 4 and 2.
F i rs t  we draw an arrow 4 units long, then another 2 units long. 
When adding po s it ive  numbers, we always move to the r igh t in 




I I1 =rCMo 5 7
L. Find the following po s it ive  numbers.
a . 2 + 3  c . 1 + 7
b. 3 + 2
M. To construct a -2  on the number l in e  we move 2 un its  to the 
l e f t .  -2  is the opposite of +2 on the number l in e  because 
they are the same distance from 0 .
N. Find the following negative numbers.
a . -4  c . -3
b. - i .  d. -5 /3






-3 -2  -1 d 1 3 4
Thus *  5 + (-3 ) *  +2
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P. How would you in d ic a te  +3 + (“*0 ?
p—:----------
f -if
+ 3 i 'J
I I I | \ 1 |
-3  **2 -1 3 1 2 . 4  5
Thus +3 + H O  -  -1 
Q. Find the sums o f  the fo l lo w in g .
a. (+3) + ( - 2 )  +1
b . -1 + ( - 3 ) -*+
c .  - i f  + (+2) -2
d. -2  + (+2 ) 0
R. Thus we can see th a t  in  adding p o s i t iv e  and n e g ative  we can 
s ta te  a few r u le s .
1. When both numbers a re  p o s i t iv e  the sum is p o s i t iv e .
+5 + (+3) “ +8
2. When both numbers a re  n e g ative  the sum is n e g a t iv e .
( -5 )  + ( -3 )  -  - 8 .
3.  When one number is p o s i t iv e  and the o th e r  ne g a tiv e  i t  is  
the number fa r th e r  from the o r ig in  which determines the  
s ig n . The la rg e r  number is always fa r th e r  away from 0 .
( -5 )  + (+3) -  -2
S. Find the sums and sketch , using arrows on the number l i n e .  
(Get one student to  come to  the board and the r e s t  o f  the  
class  work a t  t h e i r  desks ).
1. 9 +  ( -5 )
2 . -8  + 11 
3. +3 + ( -7 )
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T. Supply the missing numbers. (Do o r a l ly )
1. 3 +  (-3 )  = 0 4 .  - ( i )  + (+ i)  -  0
2 . ( -4 )  + ( -4 )  -  0 5. 1/3 + (2 /3 ) = 1
3 . (-75) + 74 = -1 6 . 14 + ( - 2) = +12
IV . ACTIVITIES:
A. Extra problems fo r  those desiring ex tra  p ra c t ic e .
1. Supply the missing numbers.
a .  +6 (+ ( ) -  0 f .  10 + ( ) -  -1
b. (-0 .45)  + 0.45 *  g . -4  + ( ) = -2
c .  25 + ( - 6 ) = h. ( - 8) + ( ) *  -16
d. (-5) + (-7 )  -  i .  ( -4)  + ( ) -  -10
e .  17 + (-23) =
V I I .  COORDINATES
I .  OBJECTIVES:
A. To teach the pupils to locate  the po int when the coordinates 
o f the po int are given.
B. To teach the students to give the coordinates i f  the point is
given.
C. To help the students th at coordinates determine distance and 
d ire c t io n  o f the p o in t .
D. To teach the lab e lin g  of the X and Y a x is .
E. To teach the I ,  I I ,  I I I  and IV quadrents.
I I .  INTRODUCTION:
A. Review b r ie f ly  th a t every ra tio na l number has a point on the 
number l in e .
B. Ask what three types o f numbers compose the ra tio na l numbers.
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C. Ask one student to  read the d e f in i t io n  o f  a c o o rd in a te .
D. Review sketching o f  a problem to  he lp  f in d  the sum.
I I I .  SUBJECT HATTER:
A. We have seen th a t  a ra t io n a l  number can always be assoc ia ted  w ith  
a p o in t  on the number l i n e .  The number as soc ia ted  in  th is  way 
w ith  a p o in t  is c a l le d  a c o o rd in a te  o f  the p o in t .
B. On th is  number l in e  p o in t  A is  by the number (+ 3 ) .  P o in t  B 
is by ( - 2 ) .  When we w r i te  A (+3) we mean th a t  A is  the p o in t  
w ith  co ord in a te  + 3 .  The B (**2) means th a t  the p o in t  B has a 
co ord in a te  - 2 .
B
j-  J—I l_J :_J I I J L
-5  - 4  -3  -2  -1 0 +1 +2 +3 + 4  +5
C. Now we r e c a l l  th a t  every p o s i t iv e  number has a p o in t  on
the p o s i t iv e  s id e  o f  the number l i n e .  Every n e g a tiv e  number 
corresponds to  a p o in t  on the n e g a tiv e  h a l f  l i n e .  T h ere fo re  
when we say the co ord in a te  o f  p o in t  A is (+3) we a re  saying  
two th ings about A.
We a re  saying the di r e c t i  on from the p o in t  o r ig in  (+“ r ig h t )  
and the d is tance  (3 ) .
D. Find the fo l lo w in g  po in ts  on the  number l in e :
1 . a » -1 k .  D -  5 /2
2 .  b » 1 5 .  E -  3 /2
3 . c ■ 0 6 . How f a r  is  i t  from a to  b?
E. You re c a l l  I sa id  th a t  number l in e s  may be v e r t ic a l  as w ell as
h o r iz o n t a l .  We have a ls o  learned  th a t  each p o in t  has a 
c o o rd in a te . Suppose we wanted to  f in d  p o in t  S which does not 
l i e  on the number l in e  and cannot be lo ca te d  by a s in g le  
c o o rd in a te .  So draw a v e r t ic a l  number l in e  in te rs e c t in g  the  
h o r iz o n ta l number l in e  a t  0 .  We w i l l  c a l l  the h o r iz o n ta l number 
l in e  the X -a x is  and the v e r t ic a l  number l in e  the Y - a x is .  To 
determ ine the c o o rd in a te  or p o in t  S. draw a l i n e  from S 
p e rp e n d ic u la r  to  the x - a x is ,  i t  in te rs e c ts  the x -A x Is  a t  (+3) .  
Now draw a pe rp en d icu la r  l in e  from S to  the Y - a x is .  I t  
in te rs e c ts  a t  (+ 2 ) .  P o in t S has a X -c o o rd in a te  o f  (+3) and
a Y -c o o rd in a te  o f  + 2 .  We w r i t e  th is  as (+3, + 2 ) .  We use 
parentheses and always w r i t e  the X -coord i nate  b e fo re  the Y -  








3 -2  -1 + 1 +2 +3 +4 +5




-5 S- (3 ,+ 2)
Y -axi s
F. Find the fo llow ing po in ts:
1 . A = (+4, +3)  
2 .  B = (-1 , +2)
3 . C = ( - 6 , -1 )
4 .  D = (+2, -2 )
This is c a l le d  p lo t t in g  the p o in t .
G. Please note th a t  i t  is very important th a t we w r i te  the 
X -ax is  f i r s t  and then the Y -a x is .  I f  we do i t  backward we 
g e t a d i f f e r e n t  co o rd in a te .
H. Draw a double number l in e  on your paper and locate  the 
fo llow ing  p o in ts : (Have one person come p lo t  i t  on the board).
I .  You n o tice  th a t  th is  double number l in e  is d iv ided  in to  four 
se c tio n s . These sections are  c a l le d  quadrants. They are  
numbered in counter-c lockw ise d i r e c t io n .  Quadrant I .  includes  
the plane above the X -ax is  and to  the r ig h t  o f  the Y -a x is .
1. (4 ,1 )  = A
2 . (1 ,0 )  -  B
3 .  ( - 1 , - 1 )  = C
4 .  ( - 3 ,3 )  -  D
5 .  ( 4 , - 3 )  -  E
6 . ( 0 , - 5 )  = F
7 . ( - 6 ,0 )  -  G
8 . (4 ,4 )  -  H
9. ( - 5 ,3 )  -  I 
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J. W rite  the number o f  the quadrant in which you f in d  the p o in t  
represented by these co o rd in a tes .
Coordinate Quadrant
1. (3 ,5)______________________  U ___________
2 . ( 1 , - 4 )  m ___________
3. ( - 4 ,4 ) ______________________  ?M____________
4 .  ( - 3 , - 1 )   H U ___________
5. (8,6)  ?J__________
6.  ( 7 , - 1 )   ?]V___________
7. ( - 3 , - 5 ) ____________________  U N ___________
K. L e t 's  answer the fo llo w ing  qu estions . (O ra l ly )
1. Both numbers o f  the coordinates are p o s it iv e  ■ Quadrant  ? l .
2 .  Both numbers of the coordinates are  negative  “  Quadrant  ? H i .
3.  The X -co ord in a te  is negative  and the Y -co o rd in a te  is p o s i t iv e  
-  Quadrant ? I I .
4 .  The X -co ord inate  is p o s i t iv e  and the Y -co o rd in a te  is negative  
*  Quadrant ? IV .
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5 . I f  the X-coordinate is Zero and the Y-coordinate is not 
zero, where does the point l ie?  (on Y -a x is ) .
6 . I f  the X-coordinate is not zero and the Y-coordinate is 
zero, where does the point l ie ?  (on X -a x is ) .
7 . I f  both coordinates are zero, where is the point located?
(on 0) .
IV . ACTIVITIES:
A. What are the 3 rules of adding signed numbers?
B. Add these:
a . 91- (-5 ) = 4 c . (8) + 1 1 = 3
b. 10 + ( - 7) = 3 d. ( - 12) + 7 = -5
C. Supply the missing numbers:
a . -3  + ( -3 )  = -6  d. (-75) + (+7*0 = -1
b. (+4) + ( -4 )  o' 0 e . 1/3 + (+2/3) = 1
c . (+6) + (-6) = 0
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APPENDIX C 
UNIT I I I .  EQUATIONS
I .  WRITING NUMBER PHRASES
I .  OBJECTIVES:
A. To lea rn  some o f  the basic  term inology o f  eq u a tio n s .
B. To be ab le  to determine an open phrase from a closed ph rase .
C. To be ab le  to  co nvert a number phrase in to  words.
D. To be ab le  to  convert a sentence in to  a number phrase.
I I .  INTRODUCTION:
A. Today we go in to  eq u atio n s . Can someone d e f in e  the word 
equation  fo r  us?
B. We w i l l  use what we have learned about the number l i n e  and 
about signed numbers. We w i l l  a ls o  use f ra c t io n s  to  help  
so lve  our eq u a tio n s .
C. Today we w i l l  go in to  le a rn in g  to  read e q u a t io n s , determ ine  
whether they are  closed or opened number phrases and being  
ab le  to  t r a n s la te  words in to  numbers phrases and phrases in to  
words.
I I I .  SUBJECT MATTER:
A. Sometimes the unknown number is  not so easy to  f in d .  For 
example, suppose you were g iven th rs  problem:
Tom bought a t ic k e t  fo r  a fo o tb a l l  game. A lto g e th e r  he pa id  
$ 1 .1 0 ,  in c lu d ing  the ta x .  I f  the cost o f  the t i c k e t  is  $ 1 .0 0  
more than the amount o f  the ta x ,  what is the amount o f  the ta x  
on the t ic k e t?
Most o f  you would guess 10$. I f  the tax  is  10$ and the t i c k e t  
$ 1 .0 0 ,  both combined a re  $ 1 .1 0 .  This is not c o r re c t  because i f  
the cost o f the t i c k e t  is  $ 1 . 00 , then th a t  would on ly  be 90$ 
more than the ta x .
Use a l l  o f  the clues g iven to  w r i t e  a number sentence.
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Let X represent the cost of the tax . I f  the t ic k e t  cost 
$1.00 more than the tax , add (X + 1.00) to f in d  the cost o f  
the t ic k e t .  Mow, i f  we add the tax (X) plus the t ic k e t  
(X+l .00) we get the number sentence X + (X+l .00) = 1.10
Can you f in d  the amount o f the tax? The correct answer is 
$.05 and the t ic k e t  costs $1 .05 . Does $.05 plus $1.05 
equal $ 1 . 10?
To work the problem leave a l l  the unknowns on one side and 
a l l  the knowns on the other:
X + X + 100 = 110 
X + X = 110 -  100 
2X = 10 
X -  5
Tax = $.05
F i r s t  we wi l l  learn  how to w r i te  a number sentence and la te r  
on in the chapter we wi l l  learn how to solve number sentences.
B. A number sentence can be w r it te n  l ik e  th is :
X + 7 + 9
I f  seven is added to a c e r ta in  number X, the sum is 9.
This sentence is divided in to  two phrases: "9"; and
the other phrase is "X+7". These are number phrases because
each represents or describes a c e r ta in  number.
I f  these numbers phrases describe a s p e c if ic  number such as: 
(3+5) ,  9, or (5_2) they are c a lle d  closed number phrases.
What s p e c if ic  number is represented by X-k? We don 't know 
the value o f  X so i t  could have d i f fe r e n t  values. This is 
c a lle d  an open number phrase because i t  is open to  so many 
values. Examples are: (X -4 ) , 7Y, (2+Z) and B+4.
You must be able to use the clues in the sentence or problem 
to change an open phrase in to  a closed phrase, thus solving  
the unknown.
C. E a r l ie r  we used th is  number sentence: (X+7*9). Is the value 
of 9 known? Is i t  an open or closed phrase? What about 
(X+7)?
D. You must be able to tra n s la te  these phrases in to  words. The 
number phrase X+7 may be tran s la ted  in to  "the number X 
increased by seven".
What about 7X? Is i t  equal to "seven times the number'X"?
IV. ACTIVITIES:
93
A. Answer these problems o r a l l y .
1. T ra n s la te  each o f  the fo llo w in g  in to  number phrases:
a .  The sum o f  X and 5 .
b . The number X decreased by 3 .
c .  The product o f  8 and X.
d . One-fourth  o f the number X.
e .  The number X increased by 10.
f .  The number X m u lt ip l ie d  by 7 .
g . The number which is 11 subtrac ted  from X.
h . The number X d iv ided  by 2 .
i . The number whiclv is  6 less than X.
j . The number X decreased by 9.
2 .  I f  X is  equal to  12 work every problem in s e c tio n  1.
3 .  T ra n s la te  these number phrases in to  words:
a .  X+l
b . X-3
c .  2X
d . 18/X
e .  kX
I I .  WRITING NUMBER SENTENCES
I .  OBJECTIVES:
A. To show the re la t io n s h ip  between everyday sentences and 
number sentences.
B. To teach the students how to convert number sentences in to  
symbols.
C. To teach the students how to  f i l l  in  the unknown o f  an
equation so as to  make i t  t ru e .
D. To teach the students the symbols o f  e q u a l i ty  and u n e q u a li ty .
I I .  INTRODUCTION:
A. This se c tio n  is to  g ive  you p ra c t ic e  in s tru c t io n  and p ra c t ic e  
in w r i t in g  number sentences. These include equations and
i nequations.
B. The complete mastering o f  equations w i l l  be l e f t  to  the n in th  
grade.
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C. Equations are  used in many d i f f e r e n t  f i e ld s .  They are  used 
to  design a irp la n e s ,  space ships and even to p re d ic t  
weather.
D. Formulas are equations* What is the area o f  a square which 
is 6 fe e t  long. (A = 6 or A = L.W.)
I I I .  SUBJECT HATTER:
A. A l l  o f  us use sentences in ta lk in g  and when we read, we 
read sentences. In mathematics we deal w ith  many kinds 
of sentences. Consider these sentences: The sum o f  8 and 
7 is equal to  15. 8 + 7 = 1 5
Five is g re a te r  than the sum o f  one and two. 5 ^  1 + 2
The sum o f 3 and 4 is not equal to the product o f  3 and 4 .
3 + 4 ¥  3 X 4
B. We see th a t each sentence contains two numbers phrases 
connected by a verb or a verb phrase. In number sentences, 
verbs are  represented by the symbols •*= *', and
and
C. In a number sentence the symbol fo r  e q u a l i ty  is ,fe" .  In 
In th is  sentence X+3 “ 8 ; X+3 and 8 represent the same 
number. When X is 5 the sentence is true ; i f  X is  not 5 
then the sentence is fa ls e .
D. In a number sentence " X - 4 > 7 ,,t ,,^ n means g re a te r  than.
This means th a t  the number representing "X -4" is g rea ter  
than 7 . This sentence shows in e q u a l i ty .  Other examples of 
in e q u a li ty  are  sm aller than and '¥ " ,  not equal.
E . Some sentences are  tru e  and others are fa ls e .  "Do o r a l l y . "
The sun sets in the West
4 - t - 5 £ 3 * 3  
3 +  2 * 4
Abe Lincoln was the f i r s t  p re s id e n t.
F. Some sentences can be true  or fa ls e  depending upon the value  
placed. Consider th is  one: '^George was the f i r s t  p re s id e n t ."  
X+ 3 *  8
I f  i t  is not necessarily  tru e  or fa ls e  i t  is an open sentence. 
Washington and 5 are  the so lu tions  to these open sentences.
G. Can you determine the s o lu t io n  fo r th is  in e q u a lity  
X*“ 4 > 7 ?  How la rge  must X be in order fo r  th is  in e q u a lity  
to  be true? This is tru e  only i f  X is  any number g re a te r  
than 11.
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Do the fo llo w in g  o r a l l y :
1 . X + 3 “  5 2
2 . Y +  3 >  5 Y >  2
3 . K + 13 -  -15 -2 8
k . M + 25 -  21 6
5 . S + 25 <  31 5 <  6
6 . T +  1 0 * 5 T *  - 5
7. X + ( - 7 ) »  2 9
8 . Y + ( ~ 7 ) > 2 Y >  9
9. N + ( -9 )  *  “ 2 7
10 . X + ( -3 )  -  6 9
11 . P + ( -1 5 )  “  -1 A
12 . X + ( - 1 5 )a £  -1 X <  A
13. kb -  12 b -  3
A . ka ¥  12 a *  3
15. 5w « 35 w -  7
16. 5n <  35 n < 7
17. 13X -  -1 3 X -  -1
18. 7Y -  -5 6 Y -  - 8
IV . ACTIVITIES:
A . Homewor k
1. T ra n s la te  each o f  the fo llo w in g  number sentences in to  
symbols and f in d  the va lu e  o f  the  unknown.
a .  The number X increased by 5, is equal to  13. 
X + 5 - 1 3  X -  8
b. The number 3 su b trac ted  from X is equal to  7 .
X -  3 "  7 X -  10
c . The product o f  8 and X is  equal to  2k.
X *8  « 2k X -  3
d . When X is d iv ide d  by k  the q u o t ie n t  is 9.
X A  -  9 X ■ 36
e .  Ten more than the number X is 31 .
10 + X -  21 X -  11
f .  The number X m u l t ip l ie d  by 7 is equal to  25 .
X . 7 -  35 X -  5
g .  The number 11 su btrac ted  X equals minus 5 .
X -  11 » -5  X -  6
h. The number 6 , less than X is  15.
X -  6 -  15 X *  21
i .  The number X d iv id e d  by 2 is  equal to  7 .
X /2  -  7 X -  A
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I I I .  GRAPHS OF SOLUTIONS
I .  OBJECTIVES:
A. To teach the students the a b i l i t y  to sketch so lu t io n s .
B. To increase the student's  a b i l i t y  to solve in e q u a l i t ie s .
C. To give the students p rac tice  a t  adding, su btrac ting ,  
d iv id in g  and m u ltip ly in g  signed numbers.
D. To teach so lu tio n  se ts , not ju s t  so lu t io n s .
11. INTRODUCTION:
. We have learned how to  determine open and closed phrases 
and open and closed sentences. Today we wi l l  learn  to 
sketch the so lutions so as to b e tte r  understand the so lu tion  
to  equations.
I I I . SUBJECT MATTER:
A. We can sketch the so lutions to our equations on a number 
1 ine by association  the numbers w ith points on a l in e .
L e t 's  sketch the points (0 , +3 , +6 )
I t ' s  sometimes helpfu l to sketch the so lutions to equations.
B. In th is  open sentence, X+3=8 what is X? (5) On our number 
l in e  we put a dot on the s o lu t io n , 5 .
C. In the sentence we have an inequal i ty X-U > 7 .  What is
the se t o f  solutions? ( -> 1 1 ) . ’ We would sketch th is  so lu tion  
1 i ke th i s :
- i -} -
D. What is the so lu t io n  set o f  th is  inequality?  X+ k >  ( 5 ) .
How would you sketch th is  one?
mi e ^5 -4  -3  -2  - I  u 41 42 ^ 3 W 4 '5> +5 + '/  + 8 '+9 + 10 + H
E. What is the so lu tio n  set o f  X+3“ 3+X? We fin d  that any number 
we choose w i l l  replace X. So the so lu t io n  is the set o f  a l l
numbers. This is the way we sketch th is  s o lu t io n .
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F. How w i l l  we sketch the fo l lo w in g  s o lu t io n  sets? (Do 
o r a l l y  w ith  one v o lu n te e r  a t  the board)
1 . +2
2 . -3
3 . 4 >
4 . < - 3 >
5 .  0, +1 , +3, +2 , +4 , + 5 ^
6 .  +1 , +2 , +3 , +4 , + 5 >
7 .  O
8 .  < - l >
9. _ 2 >  0 <
10. - 3 , - 2 , - 1 ,  0, +1 , +2 , +3
G. We a re  s t i l l  not ready to  work very com plicated  equations  
or i n e q u a l i t i e s .  We w i l l  go in to  more com plicated  ones a t  
the end o f  th is  chapter and when you study a lg e b ra  next y e a r .






I .  Sketch these answers on a number l i n e .
IV . ACTIVITIES:
. For those requesting  a d d it io n a l  p r a c t ic e .  (F ind s e t  and sk etc h )
<0>
< 1  
1 C  
-1 
- 2
iv .  w r it in g  eq u a tio n s
I .  OBJECTIVES:
A . To rev iew  b r i e f l y  w r i t in g  s o lu t io n  se ts  on a number l i n e .
B. To make sure the p u p ils  understand th a t  what is  done to  
one s id e  o f  an equ atio n  must be done to  the  o t h e r .
C. To teach the importance o f  w r i t in g  c a r e f u l l y  the number 
sentence or e q u a t io n .
1 . X -H -l+ X
2 .  Y * ' l *  0
3 .  1 -  b * 0
4 .  1 3 -  X -  14
5 .  2 / X - * l
1 . X+2 -  6
2 .  4  + X -  0
3 .  2X -  6
4 .  2X x 10 
5 . 4 -  X > 1
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D. To teach the pupils that a step by step procedure for the 
problems is best method.
I I .  INTRODUCTION:
A. Let us review graphing solutions sets on a number l in e  as 
th is review w i l l  aid us in today's lesson.
1 3 *
2 . > 4  _
' n — +7 +3 ' ©  +s "-re
'̂ 3 2 1 -u
x
k .  2 X ^1 2  X = 6 *- 0 + 1 2 3 4  5 6 7 8"
5. > 5 <  1 -n *1 M l
6 . D/5— 6 D=-30 -*32 -31 -3S -2 9  -28 -2 7
B. Solve th is  equation 
13“X»14 X=-1
I I I .  SUBJECT MATTER:
A. In solving problems, tran s la t ing  the English language, 
or words, into the number sentence is often the most 
important part o f the task. I t ' s  often the most d i f f i c u l t  
part a lso . By being very careful in w r it in g  the equation we 
find the set of solutions is easy to f in d .
B. Consider th is  problem: "The sum of a certa in  number and eight
is equal to two more than the product of X and the number. What 
is the number?
1. Let X represent the unknown number
2. Next w r ite  the two number phrases using X to represent the 
unknown.
3* X - * 8 - - f i r s t  phrase
4 . *tX+8 - -  second phrase
5 . X * » 4 X  + 2— the open sentence
6 . Find the number: 2
Remember that in th is  section we are not concerned prim arily  
with the so lution but in being able to w r ite  the open sentence 
or equations.
3 . < - 2
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C. A t r a in  t ra v e ls  a t  80 m iles  per hour. How long does i t  take  
fo r  th is  t r a in  to  make a 560 m ile  t r ip ?
1. Le t T represent the number o f  hours the t r a in  t r a v e ls .
2 .  W r ite  a phrase representing  the number o f  m iles  the t r a in  
t ra v e ls  in T hours. 80T
3 . W r ite  an equation  s ta t in g  the c o n d it io n  o f  the problem.
80T-560
M L  “W~ go
T “  7
D. Mary is 14 years o ld .  She is  f i v e  years o ld e r  than her  
b ro th e r .  How old is  her brother?
1. Le t B represent the brother^  age.
2 .  W r ite  a phrase representing  the problem.
14+B+5
14-5 -  B+5-5 
9 -  B
E . A boy is four years younger than h is  s i s t e r .  I f  the boy is
10 years o ld ,  how o ld  is the s is te r ?
1. Le t S represent the s i s t e r 's  age.
2 .  W r ite  the phrase
S -4 -1 0  
S -4+ 4 -10 *4  
S- 14
F. Work the fo llo w in g  in c lass  ( in d iv id u a l ly )  and d iscu ss .
1. A boy bought a number o f  model planes co s tin g  25$ each .
He spent 75$. How many k i t s  d id  he buy?
K X 25$ ■ 75$
K X 29c « * S $
H $  *£ $
K -  3
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2. A boy's age seven years from now w i l l  be 20. How old is 
the boy now?
A -7  = 20 
A +7 “ 7 = 20 -  7 
A « 13
3. How many fe e t  are there in a board having a length of 
72 inches?
FX 12 = 72 
F X \9. = 2 2
F = 6
4 .  How many fe e t are there in a board 5 yards long?
F = 5 x 3
5 .  Ann was 3 years old ten years ago. How old is Ann now?
A -10 = 3
A -10+10 = 3 + 1 0
A -  13
6 .  I f  three do llars  is added to twice the money Dick has, 
the re s u lt  is less than $23. How much money does Dick 
have?
2M + 3 < 2 3
IV. ACTIVITIES:
1. Homework: W rite  the equations; mimeographed —
a. How many do llars  may be obtained in exchange fo r  a to ta l  
of 450 pennies?
D = i £ °100
b. At a ce rta in  speed a plane w i l l  travel more than 500 
miles in two hours. For what speed is th is  true?
2S -  500
c . I f  one is added to twice a g i r l ' s  age the resu lt is 19. 
What is the g i r l ' s  age?
2A +1 = 19
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d . A man drove a to ta l  d is tan ce  o f  240 m iles  a t  an average  
speed o f  40 m iles per hour. How long d id  i t  take fo r  
the drive?
40S -  240
e .  I f  a baby s i t t e r  earns 65$ per hour, how much w i l l  she 
earn in 5 hours.
65 X 5 -  M
V. SOLVING EQUATIONS
I .  OBJECTIVES:
A. To lea rn  the d e f in i t io n  o f  an e q u a tio n .
B. To teach the importance o f  keeping an equation  "b a la n c e d ."
C. To teach the students th a t  the answer must be one p o s i t iv e  
unknown.
D. To teach the students the use o f  the inverse o p era tio n  to  
so lve an eq u a tio n .
I I .  INTRODUCTION:
A. Yesterday we learned to  w r i t e  eq u a tio n s . We were mostly  
in te re s te d  in the equation  and not the answer.
B. Today we w i l t  le a rn  the procedure o f  so lv in g  these equations
C. F i r s t  we w i l l  so lve  our f iv e  homework e q u a tio n s .
. o o p . M oo
1006 4 /0
)0 400
D = $4 .50
2 .  2 S > 5 0 0  
2S>  500
2 2 $S> 250
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3 .  2A+1 :  19
2A+1-1 = 19-1
i k  -  } €
Y~ z
A = <?
4 . 40S 240 
* o “  = "5o
S = 60
5. 65 X 5 = M 
322 = M
I I I .  SUBJECT MATTER:
A. I t  is of the greatest importance that we keep the equation 
balanced a t a l l  times. What is done to one side must be 
done to the other side.
SOLVE: X + 5 *  6
Use the inverse of X  + 5 . (-5 )
Add to both sides (X + 5 ~5 = 6-5)
Now cancel (X + Jf -JS = 6 -5 )
X = 1
CHECK:
1 + 5 - 6  
6 = 6  (BALANCED)
B. SOLVE: X + 6 = 5
The inverse of +6 is a -  6 . Add to both sides 
X » 5 -  6
Cancel X = -1 
CHECK:
X +6 » 5 
- 1 + 6 - 5  
5 r  5
C. Get pupils to come to the board and work the following  
and expla in .
1 . X + -7  -  7 CHECK:
X + (-7) + (-17) = 7 + (+7) X + (-7) -  7
X = 14 14 + (-7 ) = 7
7 s  7
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2. x + -7  -  -7
X + (-7 )  + (+7) -  -7  + (+7) 
X -  0
CHECK:
X + -7  -  -7  
0+ ” 7 -  -7  
-7  -  -7
3 . 4 -  X +3
4 -3  » X +3 -3  
I -  X
CHECK:
4 -  X + 3 
4 - 1  + 3
4 - 4
4 .  T + 6 *  -13
T +6 -6  » -13 -  6 
T « -1 9
CHECK:
T +6 = -13  
-1 9  + 6 -  -13  
-13  = +13
IV . ACTIVITIES:
A. Homework
1 . 6 X 2  + X - 1 X 1 2 X - 508
2 . X + 10 -  22 X = 12
3 .  5X -  15 X - 3
4 .  ±X -  17 X - 34
5 .  Y +6 -  5 + 3 X - 2
V I .  SOLVING EQUATIONS
I .  OBJECTIVES:
A. To teach the students to  use the inverse o f  m u l t ip l ic a t io n  
and d iv is io n  in so lv ing eq uations.
B. To teach the use o f  f ra c t io n s  and decimal f ra c t io n s  in 
eq u atio n s .
C. To teach the importance o f  step by step problem so lv in g .
D. To teach the students how to  change a negative unknown to 
a p o s it iv e  unknown.
I I .  INTRODUCTION:
A. Today we wi 11 go in to  more complex equations. We w i l l  a lso  
lea rn  to  make a negative unknown in to  a p o s it iv e  unknown.
B. F i r s t ,  we w i l l  work la s t  n ig h t 's  homework.
1 . 6 .2  + X -  1 .12
6 .2  -  6 .2  +  X -  1 . 1 2 -  6 .2
X -  5 .0 8
2 .  X + 10 » 22
X + 10 -  10 -  22 -  10
X » 1 2
3 .  5X = 15 
5X .  J_5
5 5
X = 3
4 .  £x -  17
X *  3^
5 . Y  +  6 -  5 +  3
Y + 6 -  8 
Y + 6 - 6 - 8 - 6
Y -  2
I I I .  SUBJECT HATTER:
A . 2X + 5 -  10
Add -5  to  both sides  
2X + 5 -  5 - 1 0 - 5  
2X -  5
D iv ide  both by 2 
X -  2%
Check:
2X(2£) + 5 - 1 0  
10 -  10
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B. 7/C -  1 
CX7 -  1XC 
C
7 -  C 
Check 
« ■  1
7
1 -  1
C. Get the p u p ils  to work the fo l lo w in g  on the board:
1 . 5X +2 » -2
5X +2 - 2  -  - 2  -2  
5X -  - i t  
5 5
X -  - k  
5
2 . -  1 OX -1 -  9 
-10X -1 +1 *  9 + 1 
-10X « 10
-X  *  1 
X » -1
M u lt ip ly  both sides by -1 to  ge t a p o s i t iv e  unknown*
3 . 2X + -3  -  9
2X + -3  +  +3 -  9 + 3
W
k ,  2U + 1 « 11
2U +1 - 1 = 1 1 - 1  
2U -  10
U » 5
5.  3X + 10 » 5
3 X + 1 0 - 1 0 - 5 - 1 0  
3X -  *5  
X -  -1 2 /3
IV . ACTIVITIES:
. Homework
1 . 1 9 - 6 - Y  Y - 1 3
2 .  kS Xb » 1 Jfr -  1A 5
3 .  6 -  X /1 8  X -  108
4 .  7 -  3X + l X -  2
5 .  1*» -  X -  5 x 28 X -  5 x \ k
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APPENDIX D 
UNIT IV. INEQUALITIES 
I .  ADDITION PROPERTY OF INEQUALITIES
I .  OBJECTIVES:
A. To show the s im i la r i t y  between equations and in e q u a li t ie s .
B. To teach the g ra ft in g  of in e q u a lit ie s  on a number l in e .
C. To teach the pupils that i f  a number is added to both sides 
of an in equ a lity  we have an equivalent inequal i t y .
D. To provide a d i f f i c u l t  problem for the more advanced p u p il .
I I .  INTRODUCTION:
A. What three signs have we learned that represent inequalit ies?  
( . > , < » : £ )
B. On a previous te s t  we used in e q u a lit ie s  but we used t r i a l  and 
e r ro r  to solve them. We can use the same rules we used to 
solve equations to in e q u a l i t ie s .  What we do to one side we 
must do to the o ther.
I I I .  SUBJECT MATTER:
A. Take the inequal i ty  a<£.b .
Add c to  both sides.
(a + c ^ b  + c)
" I f  we add the same number to  both sides o f an in equ ality  we 
have an equivalent inequal i t y . "
B. Now l e t  us t ry  numbers.
* + < 5
Add 2 to both s ides. 
k + 2 < 5  + 2 
6 < . 7
C. L e t 's  graph a b and a number 1 i ne. 
A
0  : -
B
Now add C to both sides  
A + C
*  C
D. Now we w i l 1 work an in e q u a l i ty .
X + ( - 3 ) Z - 8  
X + (-3) + (+ 3 )Z -8  + 3
x Z j l
x Z . f l  is an e q u iv a le n t  in e q u a l i ty ,  
to  X + ( - 3 ) ^ - 8 .
E . To be worked by the teacher and e x p la in e d .
x + 5Z .7
X + 5 -  5 Z 7  -  5 
X Z . 2
F. Worked by the teach er.
7 Z L  X + 5 
7 -  5 Z - X  + 5 - 5  
221— X
G. To be worked by an advanced pupil on the board.
X + (-2)Z-8 .
X + ( -2 )  + ( + 2 ) Z - 8  +2  
x ^ i o
Check i t :
X + ( - 2 ) Z - 8  
9 +  ( - 2 ) Z _ 8  
7 Z - 8
H. Have pu p ils  come to the board and work the fo l lo w in g .
1 . Y + ( - 3 ) Z - J 0  .
Y + (-3) + (+3)Z-10 + 3 " 
y Z - 1 3
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2 . 1 0 Z .Y  + (-3 )
10 + 3 ^ .Y  + ( -3 )  + (+3)
1 3 Z .Y
3 . 2X + 4 £  5 + X
2X -  X + 4 ^ . 5  + X -  X 
X + 4 ^ . 5  
X + 4 - 4  £ - 5  -  4
x Z - i
4 .  3 X + l ^ L l  X + ( -3 )
3 X -2  X + 2 ^ . 2  X + (-2X) + (-3 )
X + 2 ^ 1 - 3  
X + 2 -  2 3 - 2
X ^ , - 5
5 .  1 /2  X + 3  X - 1 / 2 X )  + 4
1/2 X + 1/2 X + 3 X - 1/2 X) + (+1/2 X) + 4 
1 X + 3 ^ + 4  
X + 3 - 3 > 4 - 3  
X ^ - l
6 . 7 + 2  x Z . X  + (-7 )
7 + 2 X  + (-X) Z *  + (-X) + (-7 )
7 + X ^ - 7
7 -  7 +  X / L - 7  + (-7 )
X ^ - 1 4
ACTIVITIES:
A. Mimeographed Homework
1 . X + 3 /  9 x Z - 6
2. X + 5 /  10
3 .  10 » X  + 5
4 .  X + ( - 4 ) Z - 8
5 . 1 2 Z .Y  + 6
X Z . 5
5 ^ X  
X /  12 
6Z _Y
O ptional:
l / 4 x  + 4 >  ( -3 /4  X) +8 4 >  X
I I .  SOLVING EdUATIONS
I .  OBJECTIVES:
A. To teach the students how to solve equations w ith  frac tions  
and decimal frac tions  for so lu tion s .
1 0 9
6 .  To teach the s o lu t io n  sets o f  equations which have an unknown 
fo r  a denominator.
C. To reteach the ru les  fo r  so lv ing  eq u a tio n s .
I I .  INTRODUCTION:
A. Today we w i l l  go in to  a l i t t l e  more com plicated eq u a tio n s .
One o f  these equations has an unknown fo r  a denominator.
B. F i r s t  l e t  us c o r re c t  la s t  n ig h t 's  homework.
1 . 1 9 - 6 - Y  4.  7 -  3X + 1
1 9 - 6 - 6 + 6 - Y  7 - 1 -  3 X + 1 - 1
13 -  -  Y 6 « 3X
13 . -1 -  -Y . -1 3 3
-1 3  -  Y 2 -  X
2 .  45 . B -  1 5 .  .14  +X «  5 .2 8
4 5 .  B -  1 /45 .1 4 - .1 4  +X -  5 .2 8 - . 1 4
Vs X -  5 .1 4
B -  1/45
3 .  6 -  X
75
6 . 18 -  X . 18
“15—
6 . 18 -  X 
108 -  X
I I I .  SUBJECT NATTER:
1. This problem has an unknown fo r  a denominator. How would you 
so lve i t?
i ”  "  7 ‘
M u lt ip ly  both sides by B. The opposite  o f  d iv id in g  by B is  
mu 11 i p 1 y i ng by B.
14 . B -  7 . B 2 .  8
B R
C ancel: 8 .R  -  16.R
14 «  7B 8 -  16R
D iv id e  both sides by 7: J3 16R
14 -  7B 16 75”
7 7  — -  R2 -  B 16 R
1 /2  -  R
n o
3 . Get volunteers to work the fo llo w in g .
Z ^
3 2 .Z ^ 9 6 .Z5 6 .M = 8.M 
M Z
56 8.M
3 “  = “  
7 -  M 1 /3  = z
3 . 1 /2  t  -  1 .7  = -1 .3
1 /2  t  -  1 .7 + 1 .7  -  - 1 .3  + 
1/2 t  = .4 
2 .1 /2  t  = .4 . 2
4 .  -5  X-7 = 2 X 
7 -5  X -2X  -7  = 2 X -2X
- 7  X - 7  = 0 
-7X -7+7  -  0 -7
t  = .8 =21 =  =1 
7 7
-1 .-X  = -1 .-1
X = 1
I I I .  D IVISIBILITY— CASTING OUT THE NINES
I .  OBJECTIVES:
A. To teach the students to  work problems alone or , to become 
an independent worker.
B. To teach the pupils a short cut method of d iv id ing  by nine.
C. To develop an understanding o f why th is  method works.
D. To make the pupils draw a conclusion from these problems.
I I .  INTRODUCTION:
A. Can you t e l l  me which o f these numbers is d iv is ib le  evenly
B. Does anyone in the class have a number they want me to work 
to see i f  i t  is evenly d iv is ib le  by 9?
by 9.?
1 . 333







4 .  24534 
5 . 5 5 8
I I I .  SUBJECT MATTER:
I l l
A. You may know a sim ple and in te r e s t in g  way to  t e l l  whether  
a number is  d i v i s i b l e  by 9.
The r u le  is ,  a number is  d i v i s i b l e  by 9 i f  the sum o f  i t s  
d i g i t s  is  d i v i s i b l e  by 9*
I f  the sum o f  i t s  d i g i t s  is d i v i s i b l e  by 9 then the e n t i r e  
number is  d i v i s i b l e  by 9*
B. L e t us t r y  th is  number. 1 5 6 ,7 8 2 .
F i r s t ,  add the d i g i t s .
1 + 5  +  6 +  7 +  8 +  2 - 2 9
Is th is  number (29) d i v i s i b l e  by 9? (NO).
T h e re fo re  the number 156,782 is not d i v i s i b l e  ev en ly  by 9.
C. L e t 's  t r y  another number. 1 3 6 ,7 8 2 .
1 + 3 + 6 +  7 +  8 +  2 - 2 7
27 is d i v i s i b l e  by 9 so the o r ig in a l  number 136,782 is  
d i v i s i b l e  even ly  by 9.
E . A c tu a l ly  we could even have been l a z i e r .
A f t e r  we add 1 + 5 + 6 + 7 + 8 + 2 w e  g e t  29 .
Now add these two numbers 2 ♦  9 *  11
Is 11 d i v i s i b l e  by 9? (NO).
So we know th is  number is  not d i v i s i b l e  by 9 .
F . We could have c a r r ie d  i t  s t i l l  fu r t h e r  by adding the 1 + 1  
in  11 .
1 +  1 - 2
Is 2 d i v i s i b l e  by 9? (NO).
G. L e t 's  t r y  another s e t  o f  numbers.
3 4 5 ,2 1 4 .  Add these numbers.
3 + 4 +  5 +  2 + 1 + 4 - 1 9  
Now add 1 +  9 “  10 
Now add 1 + 0 - 1  
Is 1 d i v i s i b l e  by 9 .
So is  345 .2 14  d i v i s i b l e  even ly  by 9? (NO).
H. Now l e t ' s  t r y  one problem a t  our desk.
Use the number 245 ,8 98  and see i f  i t  is  even ly  d i v i s i b l e  by 9*
2 +  4 +  5 +  8 +  9 +  8 - 3 6
3 + 6 * 9
Is 9 d i v i s i b l e  by 9? (YES)
T h ere fo re  we know what?
That 245 ,8 98  is d i v i s i b l e  by 9 .
I . Why is th is  so?
By d iv id in g  the number 9 we could  have proven whether i t  can be 
d iv id e d  e v e n ly .
But, th is  would g iv e  us no idea i f  i t  would work whether i t  
would work fo r  a d i f f e r e n t  number.
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To show what we a re  doing l e t  us w r i t e  the number in decimal 
n o ta t io n .  156,782
1. 1X105 -  5X10** + 6X103 + 7X102 + 8x10 1 +2 X 1 =
This is  equal to
2 .  1 X (99999 +  1) +  5 X (9999 +1 ) + 6 X (9 9 9 H ) + 7 X (93+1)
+  8 X (9+1) + 2 x (1) =
3 .  Now by the d i s t r ib u t iv e  property
5 X 9999H -  5 X 9999 +5 XI and s im i la r ly  fo r  each number.
4 .  A lso  i f  a d d it io n  is commutative we may add these numbers 
a t  the end.
1 X 99999 + 5 X 9999 +  6 X  999 + 7 X  99 + 8 X 9  + (1+5+6+7+8+2).
5 .  Now we know th a t  a l l  these 9 's  are  d i v is ib le  by 9 and the
products o f  a l l  these a re  d i v is ib le  by 9» and the sum o f  the
products is d i v i s i b l e  by 9.
Hence, the o r ig in a l  number is  d i v i s i b l e  i f :  1+5+6+-7+8+2 
is  d i v i s i b l e  by 9. Th is is the sum o f  the o r ig in a l  number.
This shows th a t  no m atte r  what the g iven number is ,  the  




1. Add a l l  the d i g i t s  to g e th e r .
2 .  I f  the sum is la rg e r  than 9 add the d ig i t s  o f  the sum.
3 .  I f  th is  number is  d i v i s i b l e  by 9 the o r ig in a l  number was
a ls o .
4 .  Check i t  by d iv id in g  the long or re g u la r  way.
(1 ) 256 ,428
(2) 333 
G )  4 2 ,8 8 8  
f * )  51 ,425  
(5) 246,810
When the number is not d i v i s i b l e  evenly by 9, compare the  
remainder when the sum o f  the d i g i t s  is d iv id e d  by 9 w ith  
the remainder when the o r ig in a l  number is  d iv id e d  by 9.
Can you guess a general fa c t?  What?
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IV . EQUATIONS--GRAPHING SOLUTIONS OF TWO UNKNOWNS
I .  OBJECTIVES:
A. Finding ordered p a irs  o f  s o lu t io n s .
B. Teaching the p u p ils  to  graph s o lu t io n s  o f  eq u atio n s .
C. Teaching the p u p ils  to graph in e q u a l i t i e s .
D. Teaching the pu p ils  to graph equations on curved l i n e s .
E . Teaching the p u p ils  to  graph in e q u a l i t ie s  on curved l in e s .
F. Reteaching coordinates on number l in e s .  :
I I .  INTRODUCTION:
A. So fa r  we have d e a l t  w ith  equations and in e q u a l i t ie s  w ith  
one unknown.
L e t 's  t r y  th is  e q u a t io n . "
X + 1 w Y
I f  X ■ 3 and Y *  5 th is  equation  is c o r re c t  but th ere  a re  






Thus we have various p o s s ib le  s o lu t io n s .  How can we 
in corpo ra te  a l l  p o s s ib i l i t ie s ?
I I I .  SUBJECT MATTER:
A. Let us use a double number l i n e .  L e t X be the h o r iz o n ta l  
l in e  and Y be the v e r t ic a l  one. I f  we use our various  
s d lu t io n s  as coord inates and connect these w ith  a s t r a ig h t  
1 ine we have what?
Y AXIS
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This s t r a ig h t  l i n e  in corpo ra tes  a l l  the p o s s ib le  s o lu t io n s  
fo r  the eq u atio n  X + 1 ■ Y.
B. L e t 's  t r y  another e q u a t io n .
2X +  Y = -1
L e t  X s* - 3  (This g ives  the e q u a tio n )
2 ( - 3 )  + Y = -1
- 6  + Y = -1
S o lv ing  the eq uation :
6 +  ( -6  +  Y) =* 6 + -1 (by the a d d it io n  p ro p e r ty )
(6 +  - 6 )  +  Y a  5 (by the a s s o c ia t io n  p ro p e r ty )
Y = 5








t r y  an in e q u a l i ty  a t  our desk,,
%■>
Be sure  to  des ig nate  the g r e a te r  and less than s ig n s .  A l l  
p o s s ib le  s o lu t io n s  fo r  the in e q u a l i ty  Y X +  1 a re  above 
t h is  1 in e .
D. Graph th is  a t  your desk.
Y <  X -  2













F. L e t 's  t r y  an in e q u a l i ty .  
Y >  X2
Y
*
-  Z ¥
- f . /
~ ° \
O
IV .  ACTIVITIES:
Homework: Work and Graph
1 . Y -  X + 1
2 .  Y -  X -  1 
3 • Y *  X
4 .  Y >  -1 . XZ
V. EQUATIONS AND INEQUALITIES— SENTENCES, STATEMENT SET
I .  OBJECTIVES:
A. To prepare the students fo r  a strong math background.
B. To help the students le a rn  the new te rm ino log y .
C. To d is t in g u is h  between a statem ent and a sentence.
D. To help the students r e a l i z e  what a s e t  i s .
I I .  INTRODUCTION:
A. Review the basic  concepts w ith  the s tu d e n ts . Th is w i l l  he lp  
you to  know how much they a lre a d y  understand.
I I I .  SUBJECT MATTER:
. Mathematical Sentence
1 . Expresses a complete thought.
2 .  Examp1es (M i meographed)
T e l l  whether each o f  the fo l lo w in g  is a sentence .
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E. -3  + ( -5 )  = -8
F. She has a dress
G. 6  + 8 >  10
H. 2 + 6
3. Sentences that are true or fa lse
A. 8 +  (-3 ) = 5 (T)
B. 8 + 6 Z -  15 (T)
C. -7  (-3 ) >  -21 (T)
D. - 9  t ( -3 ) = -3  (F)
E. A ll a irplanes have 2 engines (F)
F. I t  has 4 legs (cannot t e l l )
G. She is 5 fe e t t a l l  (cannot t e l l )
H. He is a U. S. senator (cannot t e l l )
B. STATEMENT:
1. A sentence that is e ith e r  d e f in i te ly  true or d e f in i te ly  
fa lse
2. Examples (Mimeographed)
Tell which o f the following sentences are statements
A. The largest s ta te  is Rhode Island.
B. He invented the e le c t r ic  l ig h t .
C. 6 X 8 ^  6 + 8
D. 6 x 8 > 6 + 8
E. cat* 8 = 6 + 8
F . ^  X I = -12
G. This number is an even number 
' H. CD was a 9 reat mathematician
C. Open Sentences and variables
1. A sentence that contains an unknown is an open sentence.
2. A variab le  is the unknown i t s e l f .  Example ^  X 12 = -1 is 
an open sentence; ^  is the v a r ia b le .
3. Examples (Mimeographed)
What is the varia b le  in each of the following open sentences
A. He wore a green hat
B. J t  contains hydrogen
C. C3 + 9 *  12
D. A  +  4 -  7,
The temperature is degrees
E. She was the w ife  of a judge
F. Y X 4 = 20
G. 9 ^ i t +  5
A. 4 -8  -  4
B. A  ABC




] .  A se t is any c o l le c t io n  o f  items
Example:
ft. Set o f  a l l  the boys in the class
b. Set o f  a l l  the natura l numbers
£ .  Let the c h i ld re n  g ive  examples o f  s e ts .
2 . A set is s ig n i f ie d  between brackets £  3  an<* re*d  thusly  
Set A is  a set whose numbers are  --------------
3 . F in i t e  S e t -  A s e t th a t  has a d e f in i t e  end. 1 , 2 , 3 , If .
4 .  I n f i n i t e  S e t - -  A se t w ith  no end. { 1 ,2 , 3 , A.................. ?
5 .  Replacement S e t .
A.  The s e t in which you would expect to  f in d  the answer to  
a problem.
A. Example: For an open sentence 6 " ,  an ap p ro p ria te
replacement se t in the se t o f  a l l  numbers.
6 .  S o lu tio n  se t
A . The s o lu t io n  to  the problem or the answer,
b .  Example: For the open sentence X +  2 ^ 8  the s o lu t io n  
set is  | 6 ,  8 , 1 0 , . . . ]
C. E xerc ise:
For each o f  the fo llo w in g  open sentences, use fo r  the 
replacement s e t { 3 , * + ,5 ,6 ,7 ,8 ,9 .1 0 J . In each case, 
f in d  a replacement fo r  the v a r ia b le  th a t  w i l l  r e s u l t  in  
a tru e  statem ent.
(1 ) 4 + 2 ^ 6  3
(2 )7  X 2 -  10 5
(3 ) 0  X 2 > 1 9  10
(4)X +  6 C  Si 3
(5 )2 4  = 6 Y 4
(6 )Z  + 6 ■ 14-Z 4
(7) (2 +  4  ) +  1 -  9 4
(8)Y  + 3 i  P* 9 9
( 9 ) 1 5 - Z ^ r l O  3 .4  
Homework in A c t iv i t i e s
IV . ACTIVITIES:
A. Class d iscussion, l e t  the p u p ils  g ive  examples, c a l l  a 
d i f f e r e n t  one to  be sure they a l l  understand.
B. Homework:
For each o f the fo llo w in g  open sentences, use the set  
10,  1, 2, 3 ]  as the replacement s e t .  Find a l l  the 
replacements, i f  there  are  any, th a t  make each open sentence 
a tru e  statem ent.
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A. 5 + X -  6 1
B. 5 + W > 6 ^  2,3
C. 5 -  Y *  k 1
D. 5 ' t k  X Z = 3 3
20
E. 2q -  q *  3 3
F. 2 + 4  -  2 0
G. X •: 1 = X 0 ,1 ,2 ,3
H. x « 2/16 1
8
I . 5 = Z 10 none
J. 8 X A  -  8 1
K. r -  r = 0 0 ,1 ,2 ,3
L . X  = 2 None
Y
D. Give a 5 or 10 minute quiz.
. Using the set o f posit ive  whole numbers as the replacement 
se t, t e l l  which o f the following open sentences are true  
for a l l  numbers of the replacement set.
(True) A . O +  5 is a pos it ive  whole number.
(False) B. 13 “ C7 is a pos it ive  whole number.
(True) C . Z X 3 = 3 X Z
(False) D. Y i 4 = < t - Y
(True) E. X + 12 = i 2 + X
(False) F. Z - 3 = 3 - Z
V I .  MATHEMATICS—EQUATIONS AND INEQUALITIES
I .  OBJECTIVES:
A. To fa m il ia r iz e  the pupils with the correct mathematical 
vocabulary.
B. To help the children learn c o e ff ic ie n ts .
C. To show the d ifference between equivalent equations,
and equations that are not equivalent.
0 .  To lay a foundation for higher mathematical work.
E. To show the children the d ifference between eq u a lit ies  and
in e q u a lit ie s .
F. To teach the idea of "root" in order to work higher equations.
1 1 9
G. To i n s t i l l  in the pup ils  the meaning o f  member, expression  
and c o e f f ic ie n t .
H. To show the students the steps necessary in d iscovering  
a basic p r in c ip le .
I .  To help the students th in k  m ath em atica lly .
J. To provide the students w ith  a c t i v i t i e s  to  p ra c t ic e  these  
th e o r ie s .
K. To show the students how these p r in c ip le s  w i l l  help them 
to solve d i f f i c u l t  eq uations.
L. To develop an ap p re c ia tio n  fo r  a lgebra and h igher math.
M. To encourage class d iscussion.
N. To help the students s im p l i fy  an eq uation .
0 .  To put in to  p ra c t ic e  everyth ing  we have learned so f a r .
I I .  INTRODUCTION:
Review b r i e f l y  the various mathematical terms learned during  
the previous week. Encourage p a r t ic ip a t io n  by a l l  s tudents, 
e s p e c ia l ly  the low average and slow s tudents .
I I I .  SUBJECT MATTER:
A. Member
1 . In the case o f  an equation , such as 1ft (7 “ T )»
16 -  t ,  i t  is convenient to  have a name fo r  the
expression a t  the l e f t  o f  the equal sign and fo r  the
expression a t  the r ig h t  o f  the equal s ig n .  Both
expressions are  c a l le d  members o f  the eq uation .
The expression k t  (7 “ t )  is the l e f t  member and 
the r ig h t  member is 16 -  t .
2 .  E xerc ise:
What is the r ig h t  member in each o f  the fo llow ing  
equations and in e q u a li t ie s ?
a . 3u -  5 *  19 ” u
b. 0 -  W -  (2 -  3w)
c .  3x +  6
d. -  3 -  y + ( - 3 )
e .  2 4 L x  +  17
f .  18 > 2 t  -  If
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B. Expression
1. Any of the following
a. A number 3. 5, 21, -8
b. A variable  W, x N
c. The sum of two expressions 5 + x
d. The difference of two expressions 6 -  (y+2)
e . The product of two expressions 3x X (y-2)
f .  The quotient of two expressions x /z
2. Exercise:
Which of the following are expressions? Which are 
sentences?
a. 14
b. x ? (4 -  2x)
c . 7 + 3K <  -18
d. x + (Y -  16)
e. 4 « W
f .  4 -  7
g. 5 > 3
h. t
i .  (4t -  u) + (5 2u)
C. Coeffic ient
1. In a product such as 5y, the ' V  is called the 
c o e ff ic ie n t  of "y*1. S im ila r ly , the "y" is called  
the c o e ff ic ie n t o f 5. You can see that a co e ff ic ie n t  
is one of the factors of the product.
2. Exercise:
W rite the c o e ff ic ie n t of t in each of the following 
expressions.
a . 3t
b. t (7 -  t )
c . (3 + 3w) t
D. Equations and inequalities
1. When two things are equal i t  is ca lled  an equali t y . 
Example 3 + 4 = 7
2. When two things are not equal i t  is called an inequa m * .  
Example 3 <  5; 5 > 3 ;  5 + 4 * 6
3. Exercise
Tell which of the following open sentences are equations 
and which are inequalities
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a .  (3 X C J ) + 3 ■ 6
b. x -  if 8
c .  i ~ 6 « x + 2
d. 5 + 3 is the same as -2
e . 5y + 2 doesn't equal 3
if. Mimeographed homework l is te d  in a c t i v i t i e s .
E . Roots
1. The members o f  the s o lu t io n  set is c a l le d  the root o f  
the equation . Example: 3 is the root o f  2x *  6 .
2 .  Exercise:
S ta te  whether 5 is a root o f  each o f  the fo llow ing  
equations. Make the necessary replacements to  be 
c e r ta in  th a t  5 does or does not s a t is f y  each o f  the 
eq uation s .
a .  2x -  I « 9
b. 3x -  1 -  13
c .  w ■ 5
d. 3x + 1 « 16
e .  6x -  2 «■ ifx + 8
f .  6 -  y
g . ifx -  8 « 12
h. 2y + 1 « 12
i . 5 -  x
3 . Homework in a c t i v i t i e s .
if. Exercise on roots and replacement sets in a c t i v i t i e s .
F. Equ ivalent equations
1. I f  two equations are such th a t the s o lu t io n  s e t o f  one 
is the same as the s o lu t io n  se t o f the o th er , the  
equations are  c a l le d  e q u iv a le n t .
2 . Exercise:
In each o f  the fo llow ing  exerc ises , use the set o f  a l l  
whole numbers as the replacement set and s e le c t  two 
eq u ation s , th a t are  e q u iv a le n t .
a .  x +  8 « if
b . x +  9 ™ 0
c . 2w + 11 « 5







■ -6  
8 -
-1
x +  









G. Equivalent inequalit ies
1. I f  two in equ alit ies  are such that the solution set of 
one is the same as the solution set of the other, the 
inequalit ies  are ca lled  equivalent in e q u a lit ie s .
2. Exercise
In each of the following exercises, use the set of a l l  
whole numbers as the replacement set and se lect two 
inequalities  that are equivalent.
H. I f  the l e f t  member and the r ig h t member of an equation are
operated on by m ultiplying each by the same non-zero number,
an equivalent equation is obtained.
1. Example 
I6x = 8
2 . l6x = 8 , 2  
1/16 . I6x -  1/16 . 8
2. Look a t  1/16 . I6x = 1/16 . 8 . Is 1/16 . I6x another 
name for x? Is 1/16 . 8 another name for j?  Then the 
equation can be w ritte n  as x = Is the root obvious 
in th is  equation? In the equation 1/16 . I6x = 8 . 1/16 
what is the re la t io n  between 1/16 and 16? (One is the 
re c ip ro c a l) .
3 . Suppose we are given the equation -  2 /3 r = 5 M .
To obtain a simpler equivalent equation in which
the root is obvious, can we operate on the l e f t  member 
and the r ig h t  member by m ultip lying each by the reciprocal 
of the c o e ff ic ie n t  o f the variable? What equivalent 
equation do you obtain? What is the root o f th is equation? 
Of the o rig ina l equation?
k .  To obtain a simpler equation equivalent to -  2 l / 3 t  = -  ll+, 
how w i l l  you operate on the l e f t  member and the r igh t  
member? Is the simpler equivalent equation t = -6  or is i t  
t  = 6? What is the root o f the o rig inal equation?
I .  Discovering a second basic p r in c ip le
1. I f  the r ig h t and l e f t  members of an equation are operated 
on by adding the same number to each or subtracting the 
same number from each, an equivalent equation is obtained.
a .  y + 3 > 5
b. 2k 10
c . r -  2 <  7
y > - 3  + 5 
k > 8  
r 9
y ->2
k > 5  
r <  5
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2 . Exerc ise  (example)
a .  2x + 8 -  10
2x + 8 - 2 - 1 0 - 2  
2x + 8 - 8 -  1 0 - 8
b. In the equation 2x + 8 -  10 can we w r i te
2x + 8 -  8 as 2x? What is  another name fo r  1 0 - 8 ?
Then the equation may be w r i t te n  2x -  2 .  What is  
the root?
c .  Suppose you are  asked to  so lve the equation 2y + \ k  -  4 .  
How can you use the general ru le? You might th in k :
n\ k  is added to  2y in the l e f t  member. How can I o b ta in  
an equation th a t  has 2y as i t s  l e f t  member? What is the  
inverse operation  o f  ad d it io n?  Then you w i l l  operate  on 
the l e f t  member and the r ig h t  member by su b trac tin g  14. 
What e q u iv a le n t equation do you obtain? 2y — 10
J. Negative signs may be used to  express an op eration  or a v a lu e .
1. Example.
5 •  y ■ 17 "7 lr» these 2 equations is the
5 - y - 5 “ 1 7 “ 5 i  op eratio n  o f  ' V ' -
-  y -  120  
y -  -  1 2 j -------
2 . Exercise and homework in the a c t i v i t i e s .
K. Solving equations
1. Term: a term may be one o f  the fo llow ing
a . a number - 6
b. a v a r ia b le  x
c .  the product o f  two terms or two expressions
3 . (x+y)
d . The qu o tien t o f  two terms or two expressions k /y
2 .  Consider the equation 3u+ &  • (“ 7 + 1 3 )J «  ±  . £ 9  C -3 )J  .
To so lve th is  equation , you f i r s t  express i t  more s im ply .  
What is the simple number th a t  names the product
6  . (“ 7+13 ) J  ? (2k) ; the product o f  £ . (-3)3 7 ( 3 ) .
Then you ob ta in  the fo llo w in g  equation: 3u + 2k -  3 .  
Continue from here .






a . Is there a root o f x+2 = 2^ in the set of p o s itive  
whole numbers? (No) Does x+2 -  2 j  have a root i f  
the replacement set is the set of a l l  p o s itive  
numbers? (yes) (5 )
b. Can you find  a root o f x + 2 = 2 in the set o f a l l
p o s itiv e  numbers? (no) Can you find  a root o f
x + 2 a 2 in the set of non-negative numbers? (yes, 0 ) .
c . Can you fin d  a root o f x + 2 = 1 in the set of p o s itive
numbers? (no) in the set of non-negative numbers? (no)
in the set o f negative numbers? (yes, - 1)
d. Can you fin d  a root o f 2x = 5 in the set o f whole 
numbers? (no) Can you fin d  a root for 2x = 5 in the 
set o f p o s itive  numbers? (yes, 2 j ) .
e .  Can you fin d  a root o f kx + 10 = 0 in the set of 
p o s itiv e  whole numbers? (no) in the set o f a l l  po s itive  
numbers? (no) in the set o f negative whole numbers?
(no) in the set of a l l  negative numbers? (yes)
2
f .  The equation x = 25 has two roots in the set o f a l l  
numbers you know. Are they both in the set o f po s itive  
numbers? (no) in the set o f a l l  whole numbers? (yes,
- 5 ,  + 5)
Using the set of a l l  numbers th at you know as the replacement
s e t, fin d  the so lu tion  set of each of the follow ing in equ ali­
t ie s .
a . x + 2 <  x
b. x + 1 >  x
c . 3y >  3
d. 2y <  - k
e . x + 1 2^
f .  x2 >  0
2 . Discovering a basic p r in c ip le .
a . Find the root o f each o f the fo llow ing equations.
none
a l 1 numbers
al 1 numbers >  1
a l l  numbers<  -2
al 1 numbers ^  1̂ -
a l l  numbers other than 0
1. 3u4-l 2
2 . 4 r c  17
k
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3 . -  t - 3 /2 “ l i
4 . -  8x = 24 -  3
5 . 3 / 4 k r l 2  2 /5 16 4 /5
6 . 8 .6  -  ,43x 20
7 . 2s 5 -20 -10
8 . 3 . 2y -  64 2 .G
9. 7 + 5 .2  ** 2n 6.1
10. 3 k ■ 5 •  8 -  6 -  3
3 . D iscovering a second basic  p r in c ip le .  (Solve)
a . m + 3.2  ■ 6 2 .8
b . x -  5 “  -2 3
c . 4  + m “  2 -  2
d. x -  2 .7  » 3 5 .7
e . u + 7 “  "2 -  9
f .  3 + r *  -2 -5
g . y + 3 -  1 -  2
h . x -  £ *  -£ i
i . -  t + 6 ■ 1 5
Negative signs
a . 8 -  x « 9 -1
b. 4 + ( -x )  -  -4 8
c . -  3 -  m ■ 5 -8
d. m -  1 /5  “  -1 /5 0
e . 2 + y -  -2 -4
f .  r -  4 .3  -  - 4 .3
Solving equations
0
a . 5x -  7 3 . (8- 2) 5
b . 3y+6 « 5 . ( -3 )  -7
c . 3m + £ 2 .  ( - 6 ) j  ■ 4 .  (-2 + 1 ) 2 2 /3
d . 6 +  £y *  - 8  + ( - 7 .4 )  -8 4
e . 1 /3 M + C 3 . ( - 2 .2 ) 3  «  -1 .1 16.5
f .  -  7 -  3 . D  ( -2 )3  16
g . 2 /3y  + C 2 . (-7  J  X3 -  4 24
h. 5/7m -  8 « ± .£& + ( -2 )3  14
i .  3 1 /3  r +  6 -  2 . (-3+ 8 ) 1 1 /5




I .  RATIOS AND COMPARISONS
I .  OBJECTIVES:
A. To teach and develop a basic understanding of rate  and 
comparison.
B. To teach the students the exact d e fin itio n s  of ra te , 
comparison, and ra t io , and how to d istinguish among them.
C. To teach the students that the same ra te  may be expressed 
by d iffe re n t ra tio s .
D. To help the pupils learn to d istinguish among s ituations  
involving frac tio n s , ra tes , and comparison.
E. To teach the students the a b i l i ty  to solve problems with  
number p a irs .
F. To teach the students the d iffe re n t ways of finding sets 
o f number p a irs .
G. To develop the a b i l i t y  to solve problems involving without 
wr i ting the s e t.
H. To provide fo r students of d iffe r in g  a b i l i t ie s .
I I .  INTRODUCTION:
A. Problem: Rates and Ratios
Mr. Jones bought 12 rosebushes. For a l l  12 of them he paid
$28. The rate  a t which the rosebushes were sold can be
expressed in d if fe re n t  ways.
1. One way to express the ra te  is to use the numerals 12 and 
28. You can say th at the rosebushes were sold a t the rate  
o f 12 bushes fo r $28.
Here is the way to w rite  12 and 28 together to express 
th is  ra te .
12 shows the ___
no. of rosebushes 12 28 shows the
th at were sold V o 1 r . , ,  , .2 8 ________  no. o f do llars  needed
“12 per 28" - -  the word "per" is used in preference to the
word " fo r"  when reading a ra te .
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A p a ir  o f numerals used in th is  way is  c a lle d  a r a t io  
(a p a ir  o f numerals w r it te n  one over the o th er to  express 
a r e la t io n  in ra te  or comparison s itu a t io n s  or problem s.) 
The ra te  is 12 per 28 .
Remember th a t i t  takes two numerals to  express a r a te .
2 . We can use o ther numerals to  express the ra te  a t  which the  
rosebushes were s o ld .
You can see in  th is  p ic tu re  th a t the 12 rosebushes and the  
28 d o lla rs  a re  separated in to  k  equal groups. The d o lla rs  
in  each o f these new aroups^wi11 buy the rosebushes th a t  
are  in the g ro u p .^ j
There a re  3 rosebushes and 7 d o lla rs  in  each group.
L e t 's  th in k  o f  only 1 o f these k  groups. 3 rosebushes w i l l  
s e ll  fo r  7 d o l la r s .  (Ask s tuden t)
Now you can say th a t the ra te  is 3 rosebushes per 7 d o lla r s .
W rite  the r a t io  th is  way:
3 shows the ___  3 7 shows the no.
no. o f rosebushes 7 _________  o f d o lla rs  needed
Now you can say th a t the ra te  is 3 rosebushes per $ 7 .
How w i l l  the ra te  be expressed? You can now express
the ra te  as 3 per 7 .
You can use o th er numerals to  express the same r a te .
I  6  J L  12
7 7 5  21 IS
Do these two as the others were done.
3 . This p ic tu re  shows more rosebushes and d o lla rs  than the  
other p ic tu re  d id . This tim e , l e t 's  th in k  o f the amount 
o f money f i r s t .  When you th in k  th is  way, you can express  
the ra te  as 35 d o lla rs  fo r  15 rosebushes. W rite  the r a t io  
in  th is  way:
35 shows t h e   35 15 shows the no.
no. o f d o lla rs  15 _____  o f rosebushes
How would you express th is  rate?
35 per 15
L e t 's  look again a t  the groups. Think o f  the money f i r s t ,  
You can express the ra te  as $  d o lla rs  fo r  7  rosebushes.
How would you w r ite  th is  ra tio ?
i
7
What do each in d ica te?  P o in t out again these terms:
1 . ra te
2 . r a t io
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4 . Number pairs
B. Problems
1. (Rate S itu atio n ) John bought some apples from the grocery 
sto re . He bought 3 apples for 15 cents, (a) How can we 
express the rate a t which the apples were sold? (b) What 
does the 1hree indicate? The fifteen ?  In what other ways 
could th is rate be expressed?
2. (Comparison S itu a tio n ) Paul and Bob were looking a t th e ir  
model planes. Bob had 15 planes to Paul's 10. (a) What 
is the number p a ir which compares Bob's planes to Paul's  
planes? (b) In what other ways could th e ir  planes be 
compared?
3. (Comparison S itu a tio n ) John and Bob shared th e ir  marbles. 
John had 6 marbles and Bob had 8 marbles, (a) What is the 
number p a ir which compares John's marbles to Bob's marbles? 
(b) What is the number pa ir which compares Bob's marbles to 
John's marbles? (c) Does the number p a ir 3 /4  express the 
same rate?
4 . (Comparison S itu a tio n ) Jim and Tom are sharing marbles.
For every 2 marbles Jim takes, Tom takes 1 marble, (a) What 
number p a ir compares the marbles Jim takes to the marbles 
Tom takes? (b) How many marbles does Tom take? (c) What 
is the number p a ir that says Jim takes 24 marbles? John 
takes 12 Barbies, (d) Do the number pairs 2/1 and 24/12 
te l l  us the same way of sharing marbles? (We go about this  
by using the number p a irs :)
2/ 1, 4 /2 , 6 /3 , 8 /4 , 12/ 6 , 24/12 
Because the number pairs express the same way of sharing, 
we say they belong to the same set, which can be w ritte n  in 
th i s way:
2/ 1, 4 /2 , 6 /3 , 8 /4 , 12/ 6 , 24/12
5 . Ann bought some pencils a t the school s to re . She paid 5 
cents fo r the 2 pencils . The price Ann paid for pencils
is "5  cents for 2 pencils" or 5 /2 . (a) What are some other
number pairs which show the same price? For 10 cents Ann 
could have bought 4 penc ils , (b) Does 10/4 te l l  the same 
price as 5/2? We can w rite  the set o f number pairs which
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t e l l  the same p r ic e  as 5 /2 .
5 /2 ,  10A ,  1 5 /6 , 2 0 /8 , 2 5 /1 0 , 32 /12  . . .
6 . M rs. Brown bought 2 cans o f  applesauce fo r 21 c e n ts .
a .  What is  the s e t o f number p a irs  which t e l l  the p r ic e  
as "cans o f applesauce fo r  cents"?
b . How much would 6 cans o f  applesauce cost?
c .  How much would 10 cans o f  applesauce c o s t? 1
d . How many cans o f applesauce could M rs. Brown buy fo r  
84 cents?
7 . The cub scouts went on a h ik in g  t r i p .  They walked 5 m iles  
in 2 hours.
a . What is  the se t o f  number p a irs  which show the ra te  
as 'Im iles per hour"?
b . A t the same ra te ,  how fa r  would the scouts have h iked  
in 6 hours?
a . How long would i t  take the scouts to  w alk 10 m iles?
d . How fa r  would the scouts have h iked in  10 hours?
8 . Mary bought 2 candy bars fo r  5 c e n ts . What would 18 candy 
bars cost? The number p a irs  th a t shows the p r ic e  "2 candy 
bars fo r  5 cen ts" is  2 /5 .  We want another number p a ir  
which shows the p r ic e  "18 candy bars fo r  ____  c e n ts ."
Use "n" as a p lace  ho lder fo r  the number to  be found in  
th is  p a ir .  Using "n" we would w r ite  1 8 /n . (Why?)
Both number p a irs  t e l l  the same p r ic e  so we w r ite  2 /5  -  1 8 /n . 
This is  c a lle d  an equation  o f number p a irs .  Now th in k : I
know I can f in d  another number p a ir  th a t t e l l s  the same 
p r ic e  as 2 /5  by m u ltip ly in g  2 and 5 by the same number.
9 x 2 « 18 
I must m u lt ip ly  2 and 5 by 9*
9 x 2  -  18
9 x 5  ^5
The "n" in the equation  can now be replaced by 4 5 .
2 - 1 8  
5 55
Mary could buy 18 candy bars fo r  45 c e n ts .
9. Find the number which replaces "n" in  th is  e q u a tio n .
Think: What must I m u lt ip ly  7 by to  make 42?
10. Tony and Bob were comparing th e ir  stamp c o lle c t io n .
Tony s a id , " I  have 5 stamps fo r  every 6 stamps you have, Bob,"  
Tony has 30 stamps.
(a) How many stamps does Bob have?
(b) How do we go about fin d in g  the "n"?
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11. Mr. White says he can travel 50 miles per hour on a t r ip .
I t  tofek him 3 hours to drive from Wausau to Madison.
a . How many miles is i t  from Wausau to Madison?
b. How did you get th is  number?
12. There are 3 feet in a yard. 21 fee t is how many yards?
a. What is the equation which w il l  solve th is  problem?
b. How many yards is 21 feet?
13. Mrs. Stone bought 6 cans of tomatoes for 69 cents.
a . How much would 2 cans o f tomatoes cost?
b. What is the equation used in th is  problem?
6/69  *  2/n
c . The number which replaces "n" is 23 because 
6 t  3_ 2
* 3 “ 23 
IV . ACTIVITIES:
A. Introduce the lesson and discuss the introduction with the 
students to be sure that they understand th is  process fu l ly .
B. Show the students p ic tu res , using examples o f d iffe re n t ra tio s .
C. Have some o f the students explain problems on the board.
Ask them questions.
D. Help the pupils who may not understand and are lagging behind.
E. Assign exercises for p rac tice  in class and for homework.
1. Exerci se 1.
FOR EACH STORY WRITE THE NUMBER PAIRS WHICH SHOW THE 
COMPARISON RATE, OR THE PRICE.
a. Don bought some apples. The price  was 10 cents for 
3 apples.
(1) Wr i te the number p a ir  showing the price as ’’cents 
fo r app les."  _______
(2) W rite  the number p a ir that shows the price as "apples 
fo r cen ts ."  ____ _____
b. Hr.  Larson drives 120 miles in 3 hours.
(1) W rite  the number p a ir which te l ls  the rate  'ta iles  
fo r hours." ' ______
(2) Wr i te  the number p a ir which te l ls  the rate  "hours 
fo r m ile s ."
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c . In Miss Jones's fo u rth  grade c lass  th ere  a re  12 boys 
and 14 g i r l  s .
(1) W rite  the number p a ir  th a t compares the boys to  
the g i r l s .  __________
(2 ) W rite  the number p a ir  th a t compares the g i r ls  to  
the boys. _________




B i l l ' s  fa th e r  sa id , "The sign says the speed l im i t  is
65 m iles per h o u r."
(1 ) W rite  the number p a ir  th a t shows the ra te  'Vniles 
per h o u r."  _ _ _ _ _ _ _ _ _ _ _ _ _ _
(2 ) W rite  the number p a ir  th a t shows the "hours fo r  
m ile s ."  __________________
e . Mary bought some candy ba rs . She paid  25 cents fo r
6 candy bars .
(1 ) W rite  a number p a ir  which shows the p r ic e  "cents  
fo r  candy b a rs ."  _ _ _ _ _ _ _ _ _ _ _ _ _
(2) W rite  a number p a ir  which shows the p r ic e  "candy 
bars fo r c e n ts ."  __________________
2 . Exerci se I I .
FIND AT LEAST 5 OTHER NUMBER PAIRS THAT BELONG IN EACH SET.
a . 3/1 _______________________________________
b. 3 /4  _______________________________________
c . 7 / 3 ________________________ ______________
d. 1 /3  _______________________________________
e . 5 /6
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f .  4 /7
g. 2/3
h. 1/2
i .  12/1
3. Exercise I I I .
FIND THE ANSWERS TO ALL THE QUESTIONS BY FIRST WRITING
THE SET OF NUMBER PAIRS WHICH TELL THE STORY. FIND AT
LEAST 6 NUMBER PAIRS IN EACH SET.
a. I t  takes 2 cups o f flo u r to make 3 dozen cookies.
(1) W rite the set o f number pairs which shows the 
rate as "cups of flo u r for dozen cookies."
(2) How many cups of flo u r would i t  take to make 9 
dozen cookies? _________________ ______________
(3) 4 cups o f flo u r would make how many cookies?
(4) How many cups o f flo u r would i t  take to make 
12 dozen cookies? ___________________________
b. S a lly  saves 5 cents a week. Jane saves 8 cents a week.
(1) W rite the set of number pairs which compare the 
cents S a lly  saves to the cents Jane saves.
(2) When S a lly  has saved 20 cents, how much w ill  Jane 
have saved? _______________________________________
(3) How much w ill  S a lly  have saved when Jane has saved 
40 cents? _________________________________________
(4) When S a lly  has saved 35 cents, how much w ill Jane 
have saved? _______________________________________
c. There are 3 fee t in 1 yard.
(1) W rite the set of number pairs which shows the rate  
as "fe e t fo r y a rd s ." _____________________________
(2) How many fe e t are there in 5 yards? ______________
(3) There are 12 fe e t in how many yards? _____________
(4) How many fe e t are there in 6 yards? ______________
d. B il l  bought some candy. The price of the candy was
two pieces for 1 cent.
(1) W rite the set of number pairs which te l l  the price  
as "pieces o f candy for cents ."
(2) How much would 6 pieces of candy cost? ____________
(3) How much would 10 pieces o f candy cost? __________
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(4) How many p ieces o f candy could B i l l  buy fo r  6 cents?
4 . E xerc ise  IV .
FIND THE NUMBER WHICH REPLACES "N" IN EACH OF THE 
FOLLOWING EQUATIONS.
a . 2 /5  - 8 /n f . 6 /1 0 0  -  3 6 /n
b. 7 /9  - 1 4 /n g • 4 /1 5  -  2 8 /n
c . 2 /7  - 12/n h . 3 5 /3  -  n /9
d. 1 /2  - n /1 6 i . 6 /1 2 4  -  18 /n
e . 7 /6  - 2 8 /n j  • 7 2 /7  -  n /56
Exerc i se V.
FOR EACH PROBLEM WRITE THE EQUATION WHICH TELLS THE STORY. 
USE ' V  TO HOLD THE PLACE OF THE NUMBER YOU ARE TO FIND. 
THEN FIND THE NUMBER WHICH REPLACES "N".
a . Mary is making paper hats fo r  a p a r ty . I t  takes her 
15 m inutes to  make 2 h a ts . How long w i l l  i t  take her 
to make 10 hats?
____________________________  minutes
15 /2  » n /10
hats
b. Sue bought 2 books fo r  29 c e n ts . How much would 6 books 
cost?
books
2 /2 9  -  6 /n
cents
c . Mrs. S to n e 's  rec ip e  fo r  cu stard  uses 3 eggs fo r  2 cups 
o f m ilk . How many eggs w i l l  Mrs. Stone need i f  she 
uses 6 cups o f m ilk?
d. 2 bags o f marbles cost 25 c e n ts . How much would John 
pay fo r 10 bags o f marbles?
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I I .  SOLVING PROBLEMS WITH NUMBER PAIRS
I .  OBJECTIVES:
A. To develop in the student the a b i l i t y  to apply to test 
(ca lled  the " ra t io  te s t" ) to determine the eq uality  of 
ra tio s .
B. To teach the pupils how to use the ra t io  te s t to solve 
equations o f ra tio s .
C. To encourage the students to use mental ca lcu lations when 
paper work is unnecessary.
D. To develop in the students the a b i l i ty  to apply th e ir  
knowledge o f ra tio s  to problem solving in many s itu a tio n s .
E. To develop in the students an appreciation of the concept 
o f ra tio s  as they can be applied to many kinds of problems 
in the arith m etic  o f everyday l i f e .
F. To measure the student's accuracy in working ra tio s .
m . introduction;
A. Explanation:
A ll o f the number pairs that you have been working with  
are ca lled  ra tio s . A ra t io  is a number p a ir which te l ls  a 
p ric e , ra te , or comparison. We w ill  ca ll the new way that 
you w il l  learn to show that two ratio s  are equal the 
" ra t io  te s t ."
B. Problem:
W rite  th is  set o f number pairs on the blackboard.
2 /3 , 4 /6 , 6 /9 , 8 /12 , 10/15, 12/18 .........
1. Here is a set of number p a irs . We know that any two 
number pairs in the set are equal because each number 
p a ir te l ls  the same p ric e , rate or comparison. 4 /6  and 
6 /9  are both in the se t, so we can w rite
4 /6  ** 6 /9
Look a t the numbers 4 and 9. L e t's  m ultip ly  4 x 9 s* 36.
Look a t the numbers 6 and 6 . L e t's  m u ltip ly  6 x 6 =  36.
Does 4 x 9 s 6 x 6?
2. L e t's  look a t two other number pa irs in the set: 6 /9  and 10/15.
I f  we m u ltip ly  the 6 by 15 “ 90.
I f  we m u ltip ly  the 9 by 1.0 ■ 90.
Does 6 x 15 “  9 x 10?
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3 . Look a t  the number p a irs  4 /6  and 12/18.,
What is the product of 4 and 18?
What is the product o f  6 and 12?
What is the product o f 6 and 12?
Now, you should be ab le  to  t e l l  i f  any two number p a irs  
are  e q u a l. Does 3 /4  equal 39/50?
3 x 50 -  150
4 x 39 -  156
Because the products are  not the same, 3 /4  does not 
equal 3 9 /5 0 . We can w r ite  th is  as 
3 /4  ¥ 39 /50
When we draw a l in e  through the equal sign i t  means 
" i s not equal to ."
I I I .  SUBJECT MATTER:
A. Problems.
1. B etty bought some ribbon . She paid 7 cents fo r  3 yards 
of ribbon. What would 12 yards o f  ribbon cost?
The equation which t e l ls  the stody is :
7 /3  -  n /12
One way to  solve the problem would be to m u ltip ly  
7 and 3 by 4 ,
4 x 7  -  28 
4 x 3  -  12
Another way to  solve the problem would be to  use the  
r a t io  te s t .  Since the two ra t io s  7 /3  and n /12 are  
equal we know the product o f 3 and n must equal the 
product o f 7 and 12. We can w r ite  th is  equation: 
3 x n “ 7 x l 2 o r 3 x n “ 84
To fin d  the number which replaces n we must d iv id e  84 
by 3 .
84 4 3 -  28.
3 x 28 -  84
Now we know th a t 28 replaces n in  the f i r s t  eq uation . 
7 /3  -  28/12
B etty  would pay 28 cents fo r  12 yards o f ribbon .
2 . George can walk 4 blocks in 6 m inutes. How fa r  can he 
w alk in 27 minutes?
4 /6  ■ n /27 6 x n ■ 4  x 27
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3. Ann bought 5 records for $1 .80 . How much would 6 records 
cost?
5/180 -  6/n  5 x n = 6 x 180
4 . On a t r ip ,  Mr. Green drove 219 miles in 6 hours. Howfar 
did he travel in 4 hours i f  he traveled at the same rate  
for the whole trip?
6/219 “ 4/n 6 x n = 4 x 219
5 . There are 9 square feet in 1 square yard. 30 square feet 
is how many square yards?
9/1 = 30/n 9 x n = 30 x 1
6. Which is the lower price? The set of ratios which show 
the price 25$ for 3 cans of corn is
25/ 3 , 50 /6, 75/9, 100/12, 125/15, ...........
or the set of ratios which show the price 33C for 4 cans 
of corn
33/4, 66/8, 99/12, 132/16, 165/20, ...........
99/12 is less than 100/12 
therefore, 33/4 is less than 25/3
The price 33$ for 4 cans of corn is lower than the price
25$ for 3 cans of corn.
In order to compare two ratios they must have the same 
second term.
33/4 -  99/12 25/3 » 100/12
7. Which price is more, 55 cents for 3 cans of soup or 
37 cents for 2 cans of soup?
55/3 , H O /6 , 165/9, 220/12, 275/15 
37/2, 74/4, 111/6, 148/8, 185/10
110/6 is less than 111/6; 55/3 is less than 37/2
8. Which ra tio  te l ls  the greatest rate?
4 /5  OR 2/3 OR 13/15
IV. ACTIVITIES:
A. introduce the lesson and discuss the introduction with the 
students.
B. Help slow students in d iv id u a lly .
C. Have students bring in newspaper advertisements showing the 
use of ra tio s .
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D. Review everyth ing  covered in the u n it  b r ie f ly .
E . Assign exercises fo r  p ra c tic e  in class and fo r  homework.
Exercise I
Use the idea you have ju s t  learned to  t e l l  i f  the 2 number 
p a irs  in each e x e rc is e , are  e q u a l. I f  they are  eq u a l, w r ite  « 
between them; i f  they are  not eq u a l, w r ite  f  between them.
1. 7 /8  6 /7  4 . 5 /8  65 /104
2 . 2 /6  7/21 5 . 7 /9  9/15
3 . 8 /10  12/15
Find the number p a ir  which does not belong to  the s e t .
1 . 5 /7 ,  25 /35 , 6 5 /8 4 , 80 /112 , 105/147
2 . 6 /5 , 36 /30 , 78 /65 , 102/80, 138/115
Exercise I I
For each problem, w r ite  the equation o f ra tio s  which t e l ls  the  
s to ry . Use n to  hold the p lace o f the number you want to  f in d .  
Then use the r a t io  te s t to  f in d  the number th a t replaces n.
1. Mrs. Smith uses 2 cups o f f lo u r  to make 4 dozen cookies.
How many cups o f f lo u r  must she use to  make 6 dozen cookies?
2 /4  *■ n /6  
4 x n ■ 2 x 6
2 . Mary can buy 6 boxes o f candy fo r 50 ce n ts . She needs 
27 boxes o f candy. Cost?
6 /5 0  « 27/n  
6 x n ■ 27 x 50
3 . There are  4 quarts in a g a llo n . 52 quarts is how many 
gal 1ons?
Find the number which replaces n in each o f the fo llo w in g  
equati ons.
1 . 4 / 5 “ 64 /n  4 .  2 /7  » n/91
2 . 6 /9  -  n /3 9  5 . 8 /2 0  « 6 /n
3 . 4 /3  “  56/n
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Exerci se 111
Find the number which replaces n in each equation.
1. 1/3 = n/100 4 . 7/30 = n/100
2. 5/12 = n/8 5 . 24/15 -  40/n
3. 15/25 = 21/n
For each exercise w rite  the equation and find the number
which replaces n.
1. There ,are 9 square feet in 1 square yard.
30 square feet is How many square yards?
2. Joan is w riting  inv ita tions to a party. I t  took her 30 
minutes to w rite  5 in v ita tio n s . She is sending 18 
in v ita tio n s . How many minutes w ill i t  take her to w rite  
the 18 invitations?
3. At the Acme factory a machine can produce 15 bolts every 
12 minutes. How long does i t  take the machine to make 
100 bolts?
Exercise IV
A. Find fiv e  more ratios which belong to each of these sets.
1. 12/4,
2. 3 /7 ,
3. 25/100,
4. 6 /18,
5. 2 /3 ,
6 . 12/1,
7. 8 /11,
B. Find the number which replaces n in each of the following 
exercises.
1. 3 /2 9 *  15/n
2. n/35 *  20/7
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3 . 15/50 -  n /30
4 . 8 /50  -  12/n
5 . 6/21 -  10/n
6 . 6 /3 6  ■ 5 /n
C. For each problem, w r ite  the equation o f ra t io s  which t e l ls
the s to ry . Use n to  hold the p lace o f the number. Use the
r a t io  te s t  to  f in d  the number th a t replaces n.
1. Mrs. Jones bought 8 cans o f corn fo r  60 ce n ts . Hov: much 
would 6 cans o f corn cost?
2 . M rs. Smith uses 2 cups o f f lo u r  to  make 4  dozen co o k ies . 
How many cups o f f lo u r  must she use to  make 6 dozen 
cookies?
3 . The c lass  was serv ing punch a t  th e ir  p a r ty . They knew 
th a t 2 g a llo n s  o f punch served 24 peop le . They made 9 
ga llon s  o f punch. How many people could they serve?
4 .  There a re  3 fe e t in  1 y a rd . 45 fe e t  is how many yards?
D. Use the r a t io  te s t  to  t e l l  i f  the 2 ra t io s  in  each e x erc is e
are e q u a l. I f  the 2 ra t io s  a re  eq u a l, w r ite  *  between them.
I f the 2 ra tio s  a re  not equal w r ite  f* between
1 . 7/23 84/276
2 . 9 /k 144/60
3 . 12/17 96/136
k . 16/24 4 0 /6 4
5 . 15/6 120/46
111 . PER CENT OF INCREASE AND DECREASE
I .  OBJECTIVES:
A. To develop the students* powers o f a n a ly t ic a l th in k in g .
B. To r e la te  the new (per cent o f increase) w ith  th a t  p re v io u s ly  
learned , namely the second case o f p e rc e n t.
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C. To provide a gradual development o f the steps involved in 
solving problems including per cent of increase.
D. To develop understanding of the terms involved: namely, 
amount o f increase, amount of decrease, o rig in a l amount.
E. To develop the a b i l i t y  to work problems involving increase.
I I .  INTRODUCTION:
We have previously learned three d iffe re n t kinds o f per cent 
problems. We learn how to set up ra te  pairs and equal ra tio s . 
Today we w ill  learn an extension o f the second type of per cent 
problem, which you w il l  remember is the type wherein we find  
what per cent one number is of another. This extension of th is  
type o f problem is finding what per cent of increase we find  in 
c e rta in  given s itu a tio n s .
I I I .  SUBJECT MATTER:
A. Demonstration Problem
M arjo rie  is a s a les g irl in a dress shop. Her salary now 
is $60 a week. When she took the po s ition , her salary  
was $48 a week. What is the per cent o f increase?
Let us take th is  problem and analyze i t ,  naming various parts 
as we do so. What amount o f money did M arjo rie  s ta r t out 
with?
$48, therefore we shall c a ll th is  number the O riginal Amount. 
The o rig in a l amount then is the number yjhich was increased in a
problem involving increase. Or we might say i t  is the number
which was changed. In a problem involving decrease, the 
o rig in a l amount is the number which was decreased, or the 
number which was changed.
For example, i f  I say that la s t week you had 25 cents and th is  
week you have 30 cents, then the o rig in a l amount is (pause 
here for students' response) because 25 cents is the number 
which (pause fo r students' response) was increased or was 
changed.
On the other hand i f  I say la s t week you had 30 cents and th is
week you had 25 cents, then the o rig in a l amount is (30 cents)
because 30 cents is the number which (was decreased) or 
changed.
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N otice  w ell th a t the o r ig in a l amount does not always have to  be the  
la rg e r  number or the sm a lle r number. You must read the statem ent 
c a r e fu l ly ,  th in k  whether the problem involves increase or decrease, 
then s e le c t the number which was thus changed.
Now, l e t  us look a t  our problem . The amount o f increase  
was
$60-$48 or $12
We wish to  f in d  the per cent o f in c reas e . You remember 
when we wanted to  f in d  what per cent one number was o f  
another, we se t up equal r a t io s ,  d id n 't  we? For example, 
i f  the problem was s ta te d  thus:
What per cent o f 4 is 5? We se t up the problem l ik e  th is .
4 /5  -  1 /1 00  
5X -  400 
X -  80%
Can we se t up our problem s im ila r ly ?  We can say then:
$12 /$48  -  x /100  
$48x -  1200 
x -  25%
By th is  time many o f the students should be ready fo r  sh ort 
c u ts , reducing 12 /28  to  1 /4  m e n ta lly , and changing to  25%.
ft. Last summer Ted worked on a farm , earn ing  $12 a week. This  
summer he w i l l  be paid  $15 a week. What is  the per cent 
o f increase?
Think: The amount o f increase is  $15“ $12 or $3 .
The increase was $ 3 /1 2 ; th e re fo re  s e t up ra t io s  
as 3 /1 2  -  x /1 0 0 .
12x -  300 
x -  25%
C. The p r ic e  o f oranges increased from 49  cents to  69 cents  
a dozen. What was the per cent o f  in crease , to  the nearest 
ten th  o f a per cent?
6 9 -4 9 -20  
2 0 /4 9  -  x /1 0 0  
49x -  2000 
x -  40.8%
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to. As a hoiiday season approached, the sales of a g i f t  shop 
increased from $1800 a month to $2400 a month. What is 
the per cent o f increase?
$2400-$1800 = $600 
$600/$1800 = x/100 
l800x ■ 60000
x = 33 1/3%
£ . I f  the price of a lo a f o f bread is increased from 15 cents 
to 17 cents, what is the per cent of increase (to the 
nearest tenth)?
1 7 - 1 5 = 2  
2/15 = x/100 
15x = 200 
x = 13.3%
F. Mary bought a bicycle for $27. When she moved, she sold 
i t  for $18. What was the per cent of decrease in the price  
of the bicycle?
Think: The decrease was $27“$18 or $9.
Express the ra tio : $9/$27 = x/100
27x = 900
x = 33 1/3%
0. Find the per cent of decrease in each of the following:
Grade Enrollment Enrollment Per cent
la s t year th is  year of decrease
6 40 35 12 1/2%
7 36 30 16 2/3%
8 32 30 6 1/4%
H# B i l l 's  weight was 111 pounds. A fte r he was 11 he weighed 
105 pounds. To the nearest tenth o f a per cent what was 
the per cent o f decrease in B i l l 's  weight?




I .  Mrs. Nye bought a s u it  fo r  $49.50 which had form erly  been 
priced  a t  $55. What was the per cent o f decrease in  the 
p ric e  o f the su it?
$55-$49.50  *  $5 .50  
550/5500 « x/100  
x -  10%
J*. There were 36 pu p ils  in our seventh grade la s t  y e a r .
This year there are  32 p u p ils . What is the per cent o f  
decrease in the number o f pupils?
36-32 -  4 
4 /3 6  « x/100  
x -  11 1/ 3%
K . A beauty shop ad vertis ed : "Regular $6 .50  permanent waves 
now $ 3 .9 5 ."  To the nearest tenth  o f a per cent what was 
the per cent o f decrease in the p ric e  o f the permanent 
wave?
$6.50  -  $3 .95 -  $2.55 
255/650  -  x/100  
X -  39.2%
IV . ACTIVITIES:
A . Reteach yeste rd ay 's  problems.
6 . Help students c o rre c t m istakes.
C. Work several problems w ith  c a re fu l guidance.
D. Continue work independently, observing c a re fu lly  in  order 
to  help those who need h e lp .
E . Complete problems as a home assignment i f  necessary.
. FURTHER PROBLEMS INVOLVING PER CENT OF INCREASE AND DECREASE
I .  OBJECTIVES:
A. To develop fu rth e r  the a b i l i t y  to  th in k  through the problems, 
and determine the means o f so lv ing  them.
B. To provide fo r the needs o f the more rap id  students as w ell 
as those who are  s low er.
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I I .  INTRODUCTION:
A. We have learned how to find per cent o f increase and of 
decrease. Today we shall develop our thinking a b it  more 
by working some of both types of problems. You must read 
c a re fu lly  and determine which number is the o rig ina l 
ca re fu lly  and determine which number is the o rig ina l amount, 
because th is  step is the one most l ik e ly  to give you 
d i f f ic u l ty .
B. Before we begin with our new work, are there any questions 
or d if f ic u lt ie s  about the work we completed yesterday?
I I I .  SUBJECT MATTER:
A. Mr. Bond bought a house for $8000. Later he sold the house 
for $9500. What was the per cent of increase in the price  
of the house?
$ 9500-$8000 = $1500
1500/8000 = x/100
X -  18 3/4%
B. Early in the season peaches cost $3*60 a bushel. Later the 
price decreased to $2.95 a bushel. To the nearest tenth of 
a per cent find the per cent of decrease in the price of 
each bushel.
Ans. 18.1%
C. Jim's f i r s t  te s t showed that he could read 210 words a 
minute. The results o f the next tes t showed that he read 
240 words a minute. Find the per cent of increase in his 
reading ra te .
Ans. 14.2/7%
D. Mrs. A llen bought a ham that weighed 11 pounds. A fte r i t  was 
cooked i t  weighed 9 pounds. To the nearest tenth of a per cent, 
find  the per cent of decrease in the weight of the ham.
Ans. 18.2%
E. In our graduating class of January there were 36 graduates.
What was the per cent o f increase in the number o f graduates 
in June? The number o f graduates in June was 81.
Ans. 125%
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F . One year the w inning p layers  on the Yankee base b a ll team 
each received $5700 f r a *  the World S eries  games. The next 
year each p lay e r received $5528. Find the per cent o f  
increase in the amount each p la y e r re c e iv e d .
Ans. 4%
G. During one summer the membership in the swimming c lub  
decreased from 150 to  120. Find the per cen t o f decrease  
in  the membership o f the c lu b .
Ans. 20%
H. In buying sh ing les fo r  a new ro o f M r. S e lle rs  bought sh ing les  
th a t had been $1 .85  per bundle fo r  $ 1 .5 8 . To the nearest 
ten th  o f a per c e n t, what was the per cent o f decrease in the  
p ric e  o f each bundle o f sh ingles?
Ans. 14.6%
I .  The new gymnasium a t  W illa rd  School seats 500 p eop le . The 
old  one had a seating  cap ac ity  o f 275. To the nearest ten th  
o f a per c e n t, what is  the per cent o f increase in the s ea tin g  
capac i ty?
SUPPLEMENTARY WORK
J. When the town o f M i l l  Creek was s e t t le d  in  1720, the p o pu la tio n  
was only 75 peop le . Today the po pu la tio n  is 90 . What per cent 
has the popu lation  increased since 1720?
Ans.
K. In June an autom obile fa c to ry  produced 7500 ca rs ; in  Ju ly the  
production dropped to  6375 c a rs . What per cent sm a lle r was 
the Ju ly production than th a t in June?
Ans. 15%
L . Shoes th a t sold fo r  $8 .00  a p a ir  10 years ago a re  now s e ll in g  
$12.00  a p a ir .  A t what per cent more a re  the shoes s e ll in g  
now than 10 years ago?
M. The p o p u la tio n  o f  New C ity  is  12,500 w h ile  th a t o f Bedford is  
2 8 ,0 0 0 . The po pu la tio n  o f Bedford is what per cent la rg e r  




A. Correcting mistakes on previous day's work.
B. Students w ill work problems indicated.
V. UNIT TEST
Directions: Solve the following problems. You w ill be graded on 
ten o f the twelve problems.
1. Explain b r ie f ly  the following terms:
A. Commission
B. Net proceeds
2. Mrs. Bell needs new bath towels. During the January sales, she
bought towels that were $1.70 for $1.19. What was the rate
o f discount?
3. What is the commission on a sale o f $6000, i f  the agent receives
li%  commission?
4 . Sue was se lling  magazine subscriptions. In November she sold bO
subscriptions and in December she sold 64. What was the per
cent o f increase in the number of subscriptions sold?
5 . On a sale of $6000 an agent received $90 as his commission. What
rate o f commission was he paid?
6 . Miss Drew works in a department s tore . She receives $35 a week
and in addition a commission of 3% on her weekly sales. Find 
her to ta l earnings in a week when her sales amounted to $300; 
$425; $550; and $785.
7. A sweater priced a t $3.40 was on sale a t a reduction of 25%. How
much was the reduction?
8. At a sale a fu rn itu re  dealer sold a $150 bedroom su ite  for $120.
Find the per cent o f decrease in the price of the bedroom su ite .
9. In the la s t ten years Miss M artin 's salary has increased from
$1375 to $2040. To the nearest tenth of a per cent, what is the 
per cent of increase in her salary?
10. Mary found some sweaters that had been priced $2.50 marked 20% o f f .  
What the sale price?
1^7
11. What must be the amount so ld  by an agent, i f  a commission o f  l£%
pays him $90?
12. Find the commission and the net proceeds in  each o f the fo llo w in g :
a . $300, 6%
b. $805, 40%
c . $4000, 5%
d. $ 8 2 .6 5 , 2%
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APPENDIX F 
UNIT V I.  ANALYZING GEOMETRIC FORMS
I .  OBJECTIVES:
A. To g ive the students a sim ple, p ra c tica l d e fin it io n  of geometry.
B. To introduce students to the tools o f geometry— p ro tra c to r, 
compass, stra igh tedge.
C. To develop a basic foundation fo r understanding by defin ing  
c e rta in  geometric concepts, and applying these d e fin itio n s  
in th e ir  most p rac tica l sense.
D. To c la r i f y  some of the sim plest axioms, such as: "Two lines  
can in te rs ec t in only one p o in t ,"  " i f  two points o f a lin e  l i e  
in a plane, a l l  points on the lin e  l i e  in the p lan e ."
E . To work w ith students in defin ing those geometric terms which 
they w il l  use in th e ir  study.
F. To i l lu s t r a te  to  students the d iffe ren ce  between the area and 
the perim eter o f a plane f ig u re .
G. To g ive students the basic formulas for finding perim eter, area, 
and volume fo r the figures they w il l  be working w ith  in th is  
u n it .
H. To provide p rac tice  in using these formulas and applying them 
in fa m ilia r ,  everyday experiences.
I .  To develop in the students the a b i l i t y  to id e n tify  elements of 
an angle .
J. To review w ith students the ways o f naming an angle.
K. To review the d if fe re n t  kinds o f angles and the id en tify in g  
t r a i t  o f each.
L . To provide students w ith  a c le a r understanding o f how to 
measure angles and lin e  segments.
M. To i l lu s t r a t e  and provide p rac tice  in constructing an angle 
b is ec to r.
N. To i l lu s t r a t e  and provide p ra c tic e  in  co n stru ctin g  the b is e c to r  
o f a l in e  segment.
0 . To repeat the e x e rc is e  w ith  the p erp en d icu lar b is e c to r  o f  a 
1 ine segment.
P. To provide students w ith  more than one method o f co n stru c tin g  
p erp en d icu lar b is e c to rs .
Q T o  fa m il ia r iz e  students w ith  " t ra n s v e rs a ls ."
R. To in troduce students to  the angles formed by a tra n s v e rs a l.
I t .  INTRODUCTION:
Throughout our u n it  in geom etry, th ere  a re  two ideas th a t we 
should co n s tan tly  keep in  mind: (1) th a t o f d iscovering  a r e s u lt ,  
and (2 ) th a t o f proving in fo rm a lly  th a t the re s u lt  is  c o rre c t in  
a l l  cases s a t is fy in g  the cond ition s  o f the s i t u a t io n .  These two 
ideas are  basic to  a m athem atician . He discovers a re s u lt  f i r s t  by 
considering  p a r t ic u la r  cases, by measurement, or by making m odels. 
Then he attem pts to  prove th is  r e s u lt  w ith o u t the use o f p a r t ic u la r  
cases, measurement, or models. I t  is  these two ideas (a n a ly s is  
and deductive p ro o f) th a t w i l l  appear again  and again  in  our 
subsequent study o f m athem atics.
From th is  p o in t the teacher may a llo w  students tim e to  
discuss the many ways geometry f i t s  in to  our d a ily  l iv e s .
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SUBJECT MATTER:
A. Analyzing Geometric Forms
1. Geometric points and lines
a. A geometric s tra ig h t lin e  is a set of points extending 
in d e fin ite ly  in e ith e r d irec tio n .
(1) I t  is an idea.
(2) I t  cannot be seen.
(3) I t  is named according to its  points.
Example: ✓_f_______________ #_______ v lin e  AB
*  A B *
(4) The set of points in a lin e  may also be used.
Example:   lin e  x
x
2. Lines— axioms
a. There is another point between any two points.
b. There are an unlim ited number o f lines through a po int.
Example: Make a dot to represent a p o in t. Label i t  A.
\ Can you draw one lin e  through A? (Yes) Two lines? three lines? Any number of lines?
(Yes i n each case)
c . There is exactly  one lin e  through any two points.
Example: Consider the two points B and C a t the le f t ,  
fc Could you draw one lin e  that goes through 
both points? (Yes) two lines? (No)
d. Two lines can in tersect in only one po in t.
Example: Draw two lines on your paper. Do the lines  
cross or in tersect? (They may or may not)
Do they have to intersect? (No) I f  the lines  
you draw in te rsec t, how many points do they 
have i n common? (One) Cou1d the two 1i nes 
in tersect in more than one point? (No)
e . Two lines in the same plane that do not meet are 
p a ra lle i 1i nes.
f .  Two lin e s  th a t in te rs e c t to  form r ig h t  angles a re  
perp end icu lar to  each o th e r . Are a l l  h o rizo n ta l lin e s  
in a p lane perp end icu lar to  a l l  v e r t ic a l  lin e s  in  the  
same plane? (Yes)
g . Lines th a t a re  s la n tin g , not h o rizo n ta l or v e r t ic a l ,  a re  
obi i que l in e s .  Draw ob liqu e  p a r a l le l  l in e s , o b liqu e  
perp end icu lar l in e s .
h . Lines th a t a re  n e ith e r  in te rs e c tin g  nor p a r a l le l  a re  
skew l in e s .  (Use two p e n c ils  to  form a model o f  skew 
1 i nes. )
L ine Segments
a . A se t o f po in ts  co ns is tin g  o f  two end po in ts  and a l l  the  
po in ts  on the l in e  between them ( d e f in i t io n ) .
(1) Named by i ts  end po in ts
Example: T l in e  segment AB
A B
Could you c a ll  i t  l in e  segment BA? (Yes) How does
th is  diagram d i f f e r  from the diagram o f a lin e ?
( I t  has no a rro w s .)
(2) Axioms
(a) There a re  an u n lim ite d  number o f p o in ts  between 
any two po in ts  on the l in e  segment.
Example: Draw a l in e  on your paper. Name two 
po in ts  on i t  h and N. You know th ere  i^ a p o in t  
on the l in e  between M and N. Name i t  P. Is 
th ere  a p o in t on the l in e  between M and P? (Yes) 
How many po in ts  a re  between M and N? (An 
u n lim ite d  number.) How many p o in ts  a re  on the l i  
(An u n lim ite d  number)
(b) There a re  an u n lim ite d  number o f po in ts  on a l in e  
segment.
Planes
a . A s e t o f  po in ts  co n ta in in g  an u n lim ite d  number o f  po in ts  
and extending w ithou t l im i t  ( d e f in i t io n ) .
(1 ) A lso  co n ta in in g  an u n lim ite d  number o f lin e s
(2) A f l a t  su rface  (Give examples o f p lanes)
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b. Axioms
(1) I f  two points o f a lin e  l ie  in a plane, a l l  the
points of the lin e  l ie  in the plane.
Example; At the le f t  is shown part of a plane
Zt /  containing two points, A and B. How• a /  many lines go through A and B? (One)Do a ll  the points of the lin e  AB l ie
in the plane? (Yes)
The diagram shows two planes that in te rsec t. Do 
the planes in tersect in a line? (Yes) 
Could they in tersect in more than one 
line? (No) Could they be drawn so that 
they would not intersect? (Yes)
(3) There are an unlim ited number of lines in a plane. 
The lines in a plane and the plane i t s e l f  are both 
unlim ited in ex ten t.
Example: The representation of a plane a t the le f t
has three points marked on i t .  Are a ll  
A ju  the points of lin e  AB in the plane? of
lin e  CB? Choose another po int, D, on AB. 
Would a l l  the points o f CD be in the plane? 
(Yes in each case) How many planes go 
through one point? two points? (an 
unlim ited number in each case)
5 . Plane figures
a. A ll the points o f the figure  l ie  in the same plane 
(d e fin itio n )
b. Think of the set o f points that make up a plane as two 
or more sets of po ints. Choose two points, A and B, in
the same plane as the figure  a t the r ig h t. I f  you can
draw a lin e  or a curve between them that does not 
in tersect the fig u re , the two points 
l i e  in the same p art, or region, of 
the plane. They are members o f the 
same set of points. We say the 
fig u re  divides the plane in to  three 
sets o f points: those inside the 
fig u re , thoseoon the fig u re , and 
those outs ide the fig u re .
Simple closed figures are closed figures that have ju s t  
one inside region and divide the plane in which they l ie  
in to  three sets of po ints. Example:
•M
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A l in e  d iv id es  a plane in to  the s e t o f  po in ts  above the  
l in e ;  the s e t o f po in ts  on the l in e ;  the s e t o f  po in ts  
bel ow the 1 i ne„
Segment CO d iv ides  the plane in to  the s e t o f p o in ts  on 
the segment and the s e t o f po in ts  not on the segment.
6 . Polygons
a . Simple closed fig u re s  th a t co n s is t o f l in e  segments 
jo in e d  in  tu rn , so th a t  each end p o in t o f a segment is  
an end p o in t o f another segment. (Use diagrams o f  
n o n-reg u la r polygons u n t i l  the general concept o f  a 
polygon is  f ix e d . )
b . The l in e  segments a re  c a lle d  the sides o f  the polygon, 
and the po in ts  a t  which two l in e  segments jo in  a re  c a lle d  
v e rt ic e s  ( p i .  o f v e r te x ) .  (Use exam ple.)
c . I f  two sides have a v e rte x  in  common, they a re  c a lle d  
ad jacen t s id e s . (Use exam ple.)
d . Two v e rt ic e s  th a t have a common s id e  between them are  
c a lle d  ad jacen t v e r t ic e s . (Use exam ple.)
e .  A l in e  segment jo in in g  two non-ad jacent v e r t ic e s  o f a 
polygon is c a lle d  a d ia g o n a l. (Use exam ples.)
I f  a l l  the diagonals th a t can be drawn in a polygon 
l i e  in s ide  the polygon, i t  is c a lle d  a convex 
polygon.
e : Draw a l l  the d iagonals you can
using the polygon a t  the l e f t .
Is  i t  a convex polygon?
7 . Angles
a . Consider l in e  AB. The p o in t A and a l l  po in ts  on one s ide  
o f A are  c a lle d  a ra y . The end p o in t o f  the ray is  always 
named f i r s t .  \
A ray AB B *
b . The f ig u re  formed by two rays w ith  a common end p o in t is  




The common end point is the vertex of the angle.
A
c . Three ways to name angles. (Have practice  exercises)
(1) Name three points on i t .
(2) Name the vertex and a point on each side.
(3) Name the vertex .
(Sometimes the symbol " is used to replace
the word "ang le .")
d. V e rtica l angles are angles (a p a ir ) such as *  
AED and CEB, w ith no ray in common.
8. Measuring Angles X
The s iz e , or measure, o f an angle is the amount o f opening 
between the rays.
a . Size is measured in degrees ( °  ) .
b. The p ro tra c to r, which has 180° marked on i t ,  is used 
to measure the number of degrees in an angle. (Have 
exercises using p ro trac to r to measure angles.)
9. Measuring Line Segments.
Remembe|r~ that a lin e  segment is a set o f po ints, and 
that in dealing w ith two lin e  segments a l l  the points 
on one can be matched with a l l  the points on the o ther.
a . In comparing the opposite sides ( lin e  segments) of
a rectangle, i t  would not make sense to w rite  AB*DC, 
because th is  would mean that AB and DC are two names 
fo r the same lin e  segment. However, we can say 
"length o f AB = length of DC," because th is  means 
that the two lengths have the same name, or are equal.
b. Two ways of designating the length of a lin e  segment 
include:
(1) Use "AB" as an abbreviation o f both '^measure 
o f AB" and "length of AB."
(2) Use a small le t te r  as in the 
polygon to the r ig h t.
X X
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10. Perim eters o f  Polygons
a . The sum o f the lengths o f i t s  s id e s , o r the d is ta n ce  
around the polygon, is  c a lle d  i t s  p e r im e te r .
b . The form ula fo r  the re c ta n g le  Is *
p -> 21 +  2w (1 rep res en tin g  len g th ; w rep resen tin g  w id th )  
or p *  2 (1 + w) (Th is is  using the D is t r ib u t iv e  Law) 
Work w ith  th is  form ula and w ith  o th e r polygons to  o b ta in  
o th er methods fo r  f in d in g  p e rim e te r .
w
1 1 C ircum ference o f  a C ir c le
a . A c i r c le  is  a sim ple c losed f ig u r e .
b . A c i r c le  is  the s e t o f  p o in ts  in  a p lane a t  a g iven
d is ta n ce  from a f ix e d  p o in t in  the p lane c a lle d  the
c e n te r . (The c e n te r is  not a p a r t  o f  the c i r c l e . )  (Use
diagrams on chalkboard to  i l lu s t r a t e  these p o in ts .)
c .  The d is ta n ce  around, or len g th  o f ,  a c i r c l e  is  c a lle d  i t s  
c i rcum ference.
(1) The q u o tie n t o f  the c ircum ference o f a c i r c le  d iv id e d  
by i t s  d iam eter is  the  same number fo r  a l l  c i r c le s —  
Pi ( I T )
(2) Formulas fo r  f in d in g  th e  c ircum ference o f  a c i r c le :
c ■ T f  d or c ■ 2 7T r
12. Area enclosed by a re c ta n g le
a . A re c ta n g le  is formed by l in e  segments.
(1) The in s id e  re g io n , o r a re a , o f  a re c ta n g le  is  not 
a p a r t  o f  the re c ta n g le .
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(2) We o ften  say "area o f a rectang le" ra th er than the 
more cumbersome, but co rrec t "area enclosed by a 
re c ta n g le ."
b . Draw a rec tan g le . Suppose the rectangle has a length of 
1 un its  and a width o f w u n its . What is its  area? Then 
could you say th a t the fo llow ing is a formula fo r find ing  
the area enclosed by any rectangle? A *  lw
c . Draw a square, is a square a rectangle? To fin d  the 
area enclosed by a square, could you use the  same formula 
th a t you use to  fin d  the area enclosed by a rectangle?
You know th a t a l l  the sides o f a square are the same 
len g th . I f  we c a ll the length o f each side o f a square s, 
is the fo llow ing a formula fo r fin d in g  the area o f any 
square? (Yes in each case)
A = s
13. Area enclosed by a T rian g le
a . A tr ia n g le  th a t has a r ig h t angle (90° )  is c a lle d  a
r ig h t t r ia n q le .
(1) The symbol "1" is used to in d ica te  a r ig h t ang le .
(2) Do the two r ig h t tr ia n g le s  a t the l e f t  form a 
rectangle? (Yes) Does the sum o f the areas o f the
two tr ia n g le s  equal the area o f the rectangle? (Yes)
What p a rt o f the area o f the rectang le is the area
one o f the r ig h t tr ian g les?  ( l^ j
(3) T rian g le  XZY to the r ig h t represents any tr ia n g le .
We can d iv id e  i t  in to  any two r ig h t tr ia n g le s  w ith  
l in e  segment ZW by making ZW perpendicular to XY. 
is h the height fo r  both r ig h t tr ia n g le  ZXW and 
r ig h t tr ia n g le  YWZ? (Yes) What le t t e r  represents  
the length o f the base o f t r ia n g le  XWZ? of tr ia n g le  
YWZ? (a ;c ) What is the area o f r ig h t tr ia n g le  XWZ? 
(iah ) o f r ig h t tr ia n g le  YWZ? (£ch) Is the sum of 
th e ir  areas equal to the ai*ea~of tr ia n g le  XZY? (Yes) 
Then the area o f tr ia n g le  XZY is £ah = £ch or 2h (a + c ).
A ■ ibh
From
ah + ic h  
h(a  +  c) 
hb 
bh
\ k .  Areas Enclosed by Polygons
a . The area enclosed by any polygon can be d iv id ed  in to  
t r ia n g le s  th a t do not o v e rla p .
b. The area o f the polygon is  equal to  the sum o f the  
areas o f the tr ia n g le s  w ith in  i t .  (Have exerc ises  
using various types o f po lygons.)
15. Area Enclosed by a C irc le
a . Just as a re c tan g le  or a t r ia n g le  encloses an a re a , so 
does a c i r c le .
(1) Draw a c i r c le .  In s id e  the c i r c le ,  draw an octagon.
(a ) A ll o f i t s  v e rt ic e s  a re  on the c i r c le
(b) A ll  o f i t s  sides a re  equal in  length
(2) Does 8 X £bh -  i  X (8 X b) X h? Why? Does 8Xb 
equal the p erim eter o f the octagon? (Yes) Is
£  X perim eter X h equal to  the area  o f the octagon 
and close to  the area o f the c irc le ?  (Yes)
b . As the p e rim eter o f the polygon gets c lo s e r and c lo s e r
to the circum ference o f the c i r c le ,  the area  o f  the polygon 
gets c lo s e r and c lo s e r to  being i  x c x r  o r: 
i  X 2TTr X r
(1) By perform ing the in d ica ted  operations we f in a l ly  
have a form ula fo r  f in d in g  the area enclosed by a 
c i r c 1 e .
A - " r r  r 2
(2) Using c ir c le s  f i r s t ,  then progressing to  o th er fig u re s  
w ith  c ir c le s  or s e m ic irc le s  in c lud ed , such as a school 
tra c k  a re a , f in d  the a re a .
16. S o lid  Figures th a t are  Polyhedra
a . I f  the members o f a s e t o f po in ts  l i e  in  more than one 







or a sol id f ig u r e . (Review d e fin i tio n  o f a plane  
f ig u r e . )
(1) Open s o lid  f ig u re  (Examples: cardboard box)
(2 ) Closed s o lid  f ig u re  (Examples: Pyramids o f Egypt; 
basebal1)
(a) D ivides space in to  three sets o f p o in ts — the 
points in s ide  the f ig u re , the po ints th a t form 
the f ig u re , and the po in ts  ou ts ide the f ig u re .
b . A closed s o lid  f ig u re  w ith  a l l  o f i ts  s id es , or faces ,
enclosed by polygons is  c a lle d  a polyhedron (p i .  polyhedra) 
Name the fig u res  below th a t are  po lyhedra. E xp la in  your
(A11 faces o f B and D are  polygons.)answer.
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c . The in te rs e c tio n  o f two faces o f a polyhedron is c a lle d  
an edge.
. , An i n te rs e c tio n  o f the edges is c a lle d  a v e r te x .
d . A prism is a specia l kind o f polyhedron.
(1) Two faces (c a lle d  Bases) o f a prism are the same 
s iz e  and shape and are  p a r a l le l .
(2) A prism gets i ts  name from the shape o f i ts  base.
(a) The bases a re  connected by faces th a t are  
enclosed by p a ra lle lo g ram s.
(b) The sum o f the areas o f the la te r a l  faces is 
c a lle d  the la te r a l  area o f  the prism .
(3) Give examples and discuss ob liqu e  prism s, r ig h t  
prism s, t r ia n g u la r  prism s, r ig h t  rectangu lar prisms 
(o r rec tan g u la r s o lid s ) ,  cubes.
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e .  The polyhedron a t  the l e f t  Is  a pyram id» What Is  the  
name o f the la te r a l  faces o f a pyramid? (T r ia n g le )
Does th is  pyramid have a base? (Yes) How many v e r t ic e s  
does i t  have? (5 ) S ince the base is  a square, i t  is  
c a lle d  a square pyram id . Could a pyramid have a rectangu­
la r  fo r  a base? a t r ia n g le ?  a hexagon? (Yes fo r  each) 
W rite  the sp ec ia l name fo r  each o f  these types o f  pyram ids. 
(R ec tan g u lar, t r ia n g u la r ,  and hexagonal)
(1) A pyramid th a t is  a t r ia n g u la r  pyramid is  c a lle d  a 
te tra h e d ro n .
(2) A polyhedron w ith  12 faces is  c a lle d  a dodecahedron.
17. Volume and C apacity
a . The ca p a c ity  o f a c o n ta in e r  is  the amount th a t  c o n ta in e r  
w i l l  h o ld .
b . To measure the space or b u lk , bounded by any c losed s o lid  
f ig u re  is  to  f in d  i t s  volume.
(1) Volume is  measured in  terms o f the cubic  inch , cub ic  
fo o t , cubic  y a rd , e tc .
c .  Draw a diagram which shows 1 cubic  y a rd . How many cu b ic  
fe e t  "pave" the base? (9 ) How many la y e rs  a re  there? (3 ) 
Then how many cubic fe e t  a re  th e re  in  a cu b ic  yard? (27)
d . i f  the len g th  o f a re c ta n g u la r  prism  is  represented  by 1 
and the w id th  by w, what is  the a rea  o f  the base? lw .
i f  the h e ig h t is  represented  by h , what is  the volume? Iw h.
Could a form ula fo r  f in d in g  the  volume o f a re c ta n g u la r
prism  be w r it te n  as fo llo w s  i f  V represents the volume?
(Yes)
V “  1 wh
18. Volume o f a Prism
a . I f  the length  o f  a re c ta n g u la r  prism  is  represented  by 1 
and the w id th  by w, what is the a rea  o f  the base? lw .
I f  the h e ig h t is  represented  by h, what is  the volume? Iw h.
Could a form ula fo r  fin d in g  the volume o f  a re c ta n g u la r
prism  be w r it te n  as fo llo w s  i f  V represents  the volume?
(Yes)
V ■ Iwh
I f  B represents  the area  o f  the base ( lw ) ,  could the  
form ula a ls o  be w r i t te n  as V*bh? (Yes)
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b. Is a cube a rectangular prism? (Yes) Then what is the 
volume o f the cube w ith  4 - inch dimensions? (64 c u . in . )  
W rite  a formula fo r  fin d in g  the volume o f a cube i f  the 
length o f an edge o f the cube is represented by e .
V ■ e3
c . I f  B represents the area o f the base o f a prism (lw ) 
and h equals the h e ig h t, the volume o f any prism can be 
found by using the form ula: V = Bh
(Giving the dimensions, have students fin d  the volumes 
o f the various types o f prisms which are more common 
or fa m il ia r  to  them.)
19. Volume o f a Pyramid
. The fo llow ing  is a formula fo r find ing  the volume o f any 
pyramid. V = l/3Bh
The B represents the area o f the base, and the h the 
height from the upper ve rtex  to  the base.
To convince y o u rs e lf th a t the formula is c o rre c t, try  
the fo llow ing  experim ent. C a re fu lly  draw diagrams on 
heavy paper l ik e  those drawn here. Cut them out and fo ld  
along the dotted l in e s . Fasten the edges together w ith  
ta p e . I f  you have made them c o rre c t ly , you have a square 
pyramid and a square prism w ith  equal bases and equal 
h e ig h ts . Now cut out the top o f the prism and the base o f  
the pyramid. F i l l  the pyramid to  the top w ith  sand. Pour 
i t  in to  the prism . Repeat th is  u n til  the prism is ex ac tly  
f u l l .  How many times did you f i l l  the pyramid? (3 times) 
Is the capac ity  o f the prism 3 times th a t o f  the pyramid? 
(Yes) Does i t  seem reasonable to say th a t the volume o f 
a pyramid is  o n e -th ird  th a t o f a prism w ith  an equal base 
and an equal height? (Yes)
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20 . Area o f a C y linder
a . A c y lin d e r  is  a closed s o lid  f ig u re  th a t has two bases 
w ith the same shape.
(1) What is the shape o f the base? (C irc u la r )
(a) The curved su rface  o f  the c y lin d e r  is  c a lle d  
i ts  la te r a l  s u rfa c e .
(2) Does a c y lin d e r  have sides? (No)
b . The diagram a t  the r ig h t  is a c y lin d e r  w ith  the bases 
cu t o u t. Imagine th a t a cu t is  made along the do tted  
l in e  and th a t the la te r a l  su rface  o f  the c y lin d e r  is  
ro lle d  out f l a t .  What is  the name o f the re s u lt in g  
plane fig u re?  (R ectangle) Is  the base o f  th is  -
re c ta n g le  the same length as the c ircum ference o f the  ....  -
c y lin d e r  base? (Yes) Is the h e ig h t o f  the re c tan g le  
equal to  the h e ig h t o f the c y lin d e r?  (Yes) What is
the area  o f the rectang le?  (ch) What is  the circum ­
ference o f the base o f the c y lin d e r?  2w r. Then i f  S 
represents the la te r a l  area o f  the c y lin d e r , we have 
the fo llo w in g  fo rm u la .
S -  2*rr rh
(k:-"-Q
c . What is the area o f  one base o f  a c y lin d e r  w ith  a
radius o f r? Do you see th a t the to ta l a rea  o f  a
c y lin d e r  would be tw ice  the area  o f  one base p lus the  
la te r a l  area? I f  we represent the to ta l area  by T, 
is  the fo llo w in g  form ula true? (Yes)
T -  2TT r + 21Trh
21 . Volume o f a C y lin d er
a . Draw a c y lin d e r , which has a base w ith  a rad ius o f  r ,
and a h e ig h t o f h . You have seen th a t as the number o f
s ides o f a polygon increases, the area  c lo s e ly  resembles 
th a t o f  a c i r c l e .  Imagine a prism  whose base is  a many- 
sided polygon. Do you see th a t  the volume o f  the prism  
w i l l  c lo s e ly  approxim ate the volume o f  a c y lin d e r  o f  
equal height? You know th a t the volume o f  a prism  is  Bh. 
What is B, the area  o f  the base o f the c y lin d e r?  I f r *
Then is  the fo llo w in g  form ula fo r  the volume o f  a c y lin d e r?
V “ T T r h
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b. Examples:
(1) A c y lin d ric a l wastebasket has a base w ith  a diameter 
of 9 inches and a height o f 14 inches. What is its  
volume?
(2) The outside dimensions o f a s i lo  are: he igh t, 44 f t . ;  
diam eter, 20 fe e t .  I f  the f lo o r  and wall are 1 fo o t 
th lo k , what is the volume o f the in te r io r  o f the s ilo?
22. Volume o f a Cone
a . Draw a cone. What is the shape o f the base o f a cone? 
(C irc u la r) Does a cone have an upper base? (No)
(1) The point is c a lle d  the ve rte x , or apex,o f the cone.
(a) How does a cone d i f fe r  from a cylinder?  ( I t  has 
only one base)
(b) Does a cone have sides? (No)
(2) The curved surface is ca lled  its  la te ra l su rface .
b . Imagine you had a cone in one hand a cy lin d er in the 
o th e r. These two shared a common diamftter and a common 
h e ig h t. How many times do you th in k  you would have to  
f i l l  the cone w ith  sand to f i l l  the cy linder?  (3 times) 
Obtain a conical paper cup, construct a c y lin d er o f the 
same base and h e ig h t, and te s t your answer.
The formula fo r  find ing  the volume o f a cone whose base 
has a radius o f r and whose height is h is :
V = 1/3*?Tr2h
c . What are the s im ila r i t ie s  between the formulas for the 
volume o f a cone and the volume o f a pyramid?
(Both are 1/3 o f the area of the base X h e ig h t.)
d . Examples:
(1) A cone and a c y lin d e r have equal r a d i i .  How many 
times the he igh t o f the c y lin d e r must the height o f 
the cone;in  order th a t the volume o f the cone w il l  
be twice th a t o f the cylinder? (6 times)
(2) One cone has a height twice that o f another cone.
What is the r a t io  o f th e ir  volumes i f  th e ir  bases 
have equal ra d ii?  (2 :1 )
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23. Surface o f a Sphere
a . Imagine th a t you have a b a ll in your hand. Does th is  
sphere (b a l l )  have sides? (No) Does i t  have any bases? 
(No) I f  you cu t the sphere in to  two equal p a rts  what
would be the shape o f  the f ig u re  formed by the cut? (a
c i r c le )  O ne-h a lf o f a sphere is  a hemisphere.
b . Using th is  hemisphere what is the area o f the f l a t
surface? (/T r 2) Then what is the area  o f  the curved
surface? (2 fT r2) Then what is the area  o f the sphere?
(4ljr r 2) We s ta te  the form ula as fo llo w s :
S ■ blT  r 2
24. Volume o f a Sphere
Using a hollow  rubber b a ll and a c y lin d e r  whose diam eter
and he igh t a re  equal to  diam eter o f b a ll and sand,
e x p la in  why the volume o f  a sphere is V *2 /3  ( f f  r 2h) or 
V -4 /3  I f  r 2
B. Plane Geometry
1. C la s s if ic a t io n  o f Angles
a . I f  two rays th a t form an angle extend in  opposite
d ire c tio n s  along a l in e ,  the angle is  a s t ra ig h t  a n g le .
What is  the measure o f  a s t ra ig h t  angle in  degrees?
180°
b . O n e-h a lf o f the measure o f a s t ra ig h t  angle is  the 
measure o f a r ig h t  a n g le .
What is the measure o f a r ig h t  angle in degrees? S0°
c . I f  two rays w ith  a common end p o in t extend in  the same
d ire c t io n  along a l in e ,  an angle o f  0 °  is  formed.
d. An angle w ith  a measure g re a te r  than 0 °  and less than 
90° is  c a lle d  an acute a n g le .
e . I f  the measure o f  an angle is  between 90° and 180°, the 
angle is  c a lle d  an obtuse a n g le .
(Ask students to draw d i f fe r e n t  types on the chalkboard  
and le t  o th er students describe them .)
f .  T e ll whether each statem ent below is tru e , or fa ls e .
(1) I f  two angles are  acute , th e ir  measures must be 
equal F
(2) I f  an angle measures 4 5 ° , i t  is acu te . T
(3) I f  an angle is acu te , i t  has a measure o f 4 5 ° . T 
(k) I f  one angle is acute and a second is obtuse, the
measure o f the second is la rg e r  than th a t o f  the 
f i r s t .  T
(5 ) I f  an angle has a measure tw ice th a t o f an acute  
ang le , i t  must be obtuse. F
(b) I f  an angle has a measure o n e -h a lf th a t o f an 
obtuse an g le , i t  must be a c u te . T 
(Have students ob ta in  in th e ir  answers in d iv id u a lly  
and then compare them.)
g . In the fo llow ing  e x e rc is e s , le t  the replacement se t fo r  
each exerc ise  be the set o f a l I  the angle measures you 
know.
(1) I f  x represents the measure o f a r ig h t  ang le , what 
is i t s  s o lu tio n  set? (90°) What is  the so lu tio n  
set i f  x represents a s t ra ig h t  angle? (180°)
(2) Suppose x represents the measure o f an an g le . What 
is  i ts  s o lu tio n  se t i f  2x is to  represent the measure 
o f an obtuse angle? k$ °  ^ 90°
I f  3x is to  represent the measure o f an obtuse angle?
30° <  X <  60°
(3) Draw a s t ra ig h t  angle on your paper. Use your 
p ro tra c to r  to  d iv id e  i t  in to  th ree  angles having 
equal measures; in to  four angles o f the same s ize ;  
f iv e  an g les .
Complementary Angles
a . A p a ir  o f angles are  c a lle d  complementary angles i f  
the sum o f th e ir  measures is 90 °.
(1) Each angle in a p a ir  o f complementary angles is 
c a lle d  the complement o f the o th e r .
b . You can use equations to  so lve problems invo lv ing  com­
plementary an g les . For example, f in d  the measures o f  
two complementary angles i f  one is  20° more than the 
o th e r .
x » the measure o f the sm aller angle  
x + 20 =* the measure o f the la rg e r  angle  
x + (x + 2 0 )*  90
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c .  Find the measures o f each o f  the p a irs  o f  complementary 
angles whose measures have the fo llo w in g  re la t io n s h ip s .
(1 ) They a re  equal . 4 5 ° ; **5°
(2 ) One is  tw ice  the o th e r , 6 0 ° ; 3 0 °
(3 ) One is  10° more than the o th e r . 5 0 °; 4 0 °
(4 ) One is  15° less than the o th e r . 3 7 i° ;  5 2 i °
(5 ) One is  15° more than tw ice  the o th e r . 6 5 °; 2 5 °
3 . Supplementary Angles
a . When the sum o f the measures o f  two angles is  180°, they  
a re  c a lle d  supplem entary a n g le s .
Each ang le  is  c a lle d  the supplement o f  the o th e r .
b . Find two supplem entary angles whose measures have these  
ra t  i o s .
3 :2  (2 ) 2 :7  (3 ) l / 2 : t / 5
(109°; 7 2 °) (4 0 ° ; 140°) (1 2 8 4 /7 ° ; 51 3 /7 ° )
c .  Two angles w ith  a common v e rte x  and a common ray th a t  is
between th e ir  o th er rays are  c a lle d  a d ja c e n t a n g le s .
Two a d ja c e n t angles whose e x te r io r  s ides l i e  along a 
l in e  a re  supplem entary.
d . in the diagram a t  the r ig h t ,  AEB and CED 
a re  l in e s .  The measures o f  two angles
formed a re  x and y . A re angles AE0 and
0EB ad jacent?  Are they supplementary?
Why? (Yes fo r  both; they a re  ad ja c e n t 
angles whose e x te r io r  s ides l i e  along  
a 1 i ne . )
Then what does y equal? (4 0 °) A re angles AEC and AE0 
ad jacent?  (Yes) Are they supplementary? (Yes) Then 
what id e s  x equal? (4 0 °) Does y z  x? (Yes)
e .  Do the in te rs e c t in g  l in e s  a t  the r ig h t ,  1, and l 2 > form  
p a irs  o f ad ja c e n t angles? (Yes)
Do they form p a irs  o f  v e r t ic a l  
angles? (Yes) N o tic e  th a t  the  
measures o f th re e  o f  th e  angles a re  
a , x , and y . What is  the sum o f a 
and x? 1 8 0°. Could you rep res en t x 
as l8 0 ° -a ?  (Yes) How could  you 
rep resen t y? l8 0 ° - a .  Then a re  x and 
y equal? Is  th is  tru e  no m atte r what 
replacem ent is made fo r  x? Then is  the statem ent tru e  
fo r  a l l  p a irs  o f  v e r t ic a l  angles? (yes in  each c a s e ) .
You have proved the s ta tem ent: I f  two lin e s  in te r s e c t ,  
the v e r t ic a l  angles formed have equal m easures.
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f .  Is there an angle such th a t the measure o f its  complement 
Equals th a t o f its  supplement? (No)
(For any angle w ith  measure x, complement is represented 
by 90° -  x; supplement is represented by 180° -  x; and 
the equation 180 -  x -  90 -  x has no ro o t.)
4 . B isecting Angles
a . To b isec t an angle is to d iv id e  i t  in to  two equal 
p a rts ; th a t is , the two parts have equal measures.
Between the rays forming angle is a th ird  ray th a t 
bisects i t  c a lle d  the b isector or angle b is e c to r . 
(Draw an angle and use i t  to  i l lu s t r a t e  th is  po int 
and the others th a t fo llow  i t . )
(1) One way to fin d  the b isec to r o f an angle is to 
use the p ro tra c to r . (Draw angles and b isect 
them.)
(2) Another way to draw the b isecto r o f an angle is 
to use compass and s tra igh tedg e, or ru le r .  (When 
we use th is  method we say we have "constructed" 
the b is e c to r .)
(Hake sure students understand the d iffe ren ce  
between drawing a b isec to r and constructing a 
b is e c to r .)
b . Draw an acute angle , 0 . Now draw an
arc th a t in te rsec ts  the sides o f the angle 
in points H and N. is mOM equal to  MON? 
Why? (Yes, a l l  ra d ii o f the same c ir c le  
are eq u a l. )
Now open your compass to a distance that 
is g rea te r than o n e -h a lf of the length  
o f l in e  segment MN. Using M and N in 
turn as centers , mark arcs th a t in te r ­
s e c t. The po in t o f in te rs ec tio n  is 
labeled  P in the diagram. Does mNp 
equal nnNP? Why? Is Op the bisector?
(Yes)
c . At the r ig h t is s tra ig h t angle A0B. ^  A
Use your p ro tra c to r to  fin d  its  b isec to r!
0______ L _ *
H U T f  I  c p c a  k  U F C  C A 6 I  U U  k  U l l  I  9  ^
tim e use compass and s tra ig h te d g e . ^  ^  
What kind o f angle is  each o f  the 
two equal parts?  R ig h t a n g le .
Now re e t the e x e rc is e , but th is
d . Draw a p a ir  o f ad jacen t supple­
mentary an g les , such as those in
the diagram . Draw the b is e c to r  
o f each a n g le . What is  the measure 
o f  the angle formed by the two 
b isecto rs?  90°
e .  Draw another p a ir  o f ad jacen t supplementary a n g le s . 
B ise c t each o f the ad jacen t angles w ith  compass and 
s tra ig h te d g e . Measure the angle between the b is e c to rs .  
What is i ts  s ize?  90°
f .  The diagram shows ad jacen t supplementary angles w ith  
th e ir  b is e c to rs , 0E and OF. The
measures o f  angles AOB Arid BOD are  
represented by 2x and 2y . How may
m/^OB + n^lpOF equal? ( 90° )
The b ise c to rs  o f ad jac en t supplementary angles form  
a r ig h t  a n g le .
g . Make a la rg e  diagram o f a t r ia n g le  on a sheet o f  paper. 
B isect each angle o f the t r ia n g le .  What do you find?  
(The b ise c to rs  in te rs e c t in  a p o in t . )  Try to  make a 
general statem ent about the re s u lts  o f  your experim ent.
The b isec to rs  o f the angles o f a t r ia n g le  in te rs e c t in  
a p o in t .
B isectin g  L ine Segments
a . The m idpoint o f  a l in e  segment is  the p o in t on the l in e  
which is  e x a c t ly  midway between the two end p o in ts .
On your paper, draw a l in e  segment 3 inches lo ng . 
Using your r u le r ,  lo c a te  i t s  m idp o in t.
b . In the above e x e rc is e , you have used your r u le r  to  f in d  
the m idpoint o f  a l in e  segment. There is a method o f  
fin d in g  the m idpoint o f a l in e  segment using compass 
and s tra ig h te d g e . Draw l in e  segment AB. W ith an
180 ? (Yesi  What does x + y
enual ? i<10 1 Then what does
you represent mrf^EOB? m^pOF? 
(x ;y ) is i t  tru e  th a t 2x + 2y -
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opening of your compass that is larger than one-half 
the length of AB, and using A and B in turn as a center, 
make arcs that in tersect above and below AB. What would 
happen i f  you had a; compass opening that was less than 
one-half mAB? (Arcs would not in te rs e c t.)  The points of 
in tersection  o f the arcs are marked P and Q in the diagram. 
Draw PQ. Is every point on PQ an equal distance from both 
A and B? Explain. (Yes. A ll points of in tersection of 
arcs made with same radius from A and B w ill fa l l  on lin e  
PQ. .)  Then the in tersection  of PQ and AB is the midpoint,
H, o f AB.
6 . Perpendicular Lines
a . Two lines which in tersect to form rig h t angles are 
perpendicular lin e s .
(1) Draw lines in the positions shown below. Now use 
your protractor to draw a lin e  perpendicular to each 
lin e  a t the labeled po in t.
(2) Draw a lin e  segment. At its  midpoint draw a per­
pendicular l in e .
A perpendicular lin e  a t the midpoint of a lin e  
segment is ca lled  the perpendicular bisector of the 
1i ne segment.
Draw a large tr ian g le  with a l l  of its  angles 
acute. Draw the perpendicular bisectors of the 
sides. Do they meet in a point? (Yes) What 
results did the other students find? Make a 
general statement about the perpendicular bisectors 
of the sides of a tr ia n g le .
The perpendicular bisectors o f the sides of a 
tr ia n g le  meet in a po in t.
b. Ways of constructing perpendicular bisectors
(1) When you found the midpoint o f a lin e  segment with  
compass and straightedge, you a c tu a lly  constructed 
the perpendicular bisector o f the lin e  segment.
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(2) You can co nstru ct a p erp end icu lar to  the l in e  AB 
a t  0 i f  in  some way you can mark a l in e  segment 
on AB th a t has 0 fo r  i ts  m id p o in t. Open your compass 
to  any convenient d is ta n ce , use 0 as a c e n te r , and 
make arcs in te rs e c tin g  AB. is  l in e  segment MN on AB? 
(Yes) Is 0 i t s  m idpoint? (Yes) Why? (OH and ON 
are  ra d ii  o f a c i r c le  w ith  ce n te r a t  0 . )  We can w r ite  
"PQ AB1' to  mean "PQ. is  perp end icu lar to  AB."
t i
irV
(a) Draw l in e  1 on your paper. C onstruct a l in e ,
12 so th a t l ] X l 2 . Now co n stru ct a th ird  l in e ,
13 so th a t I 3X I 2 . Is L2 JL  I f?  What do you 
th in k  the re la t io n s h ip  is  between l j  and l j?
They are  p a r a l le l .
(b) Another kind o f problem is  the c o n s tru c tio n  o f  a 
perp end icu lar to  a l in e  from a p o in t not on the  
l in e .  Given l in e  1 and p o in t P, as in the diagram , 
the f i r s t  step  is to  o b ta in  a l in e  segment on 1 
th a t w i l l  have P on i t s  p erp en d icu lar b is e c to r .
You know th a t i f  P is  on the p e rp en d icu lar b is e c to r  
i t  w i l l  be an equal d is tan ce  from the end p o in ts
o f the needed l in e  segment. Then what instrum ent 
w i l l  help  you mark the end p o in ts , H and N, o f  the  
l in e  segment? (Compass) You have a lre a d y  arranged  
fo r P to 1 ie  on the perp end icu lar b is e c to r  o f  fW . 
Now co n stru ct the p erp end icu lar b is e c to r  as shown 
in  the diagram . Is Pd-L l?  (Yes)
7 . Angles Formed by a Transversal
a . A l in e  th a t in te rs e c ts  two o ther lin e s  is a tra n s v e rs a l. 
Draw a tra n s v e rs a l.
(1) P a irs  o f angles which a re  on the same s id e  o f the  
tran sversa l are  correspondinq anq1e s .
(2) Angles on opposite  sides o f  the tran sversa l and w ith in  
the two lin e s  (not using the tran sversa l as a l in e )  a re  
c a lle d  a lte r n a te  in te r io r  a n g le s . P o in t these o u t.
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(3) Angles on the same side of the transversal and 
between the other two lines are in te r io r  angles 
on the same side of the transversal.
(*f) Angles that are on opposite sides of the transversal
and e x te rio r to the other lines are a lte rn a te  
e x te rio r angles.
b. We may w rite  to mean "the angle whose measure is a ."
Use th is  method o f naming angles to name a ll  the pa irs :
corresponding angles; a lte rn a te  in te r io r  angles; a lternate
e x te rio r angles; in te r io r  angles on the same side of the 
tran sversa l.
8 . Properties of P ara lle l Lines
a . I f  two lines in the same plane do not in tersec t, then the 
lines are p a ra lle l;  I f  two lines are p a ra lle l,  then they
do not in te rsec t.
b. Draw the p a ra lle l lines u and v, and th e ir  transversal, 
t # We can w rite  "uUv" to stand for *'u is p a ra lle l to v ."  
Measure one pa ir of a lte rn a te  in te r io r  angles. Measure 
the other p a ir . Do you find  that the a lte rn a te  in te r io r  
angles have the same measure? (Yes)
c . In the same way, i f  two p a ra lle l lines are intersected  
by a transversal the measures o f pairs of corresponding 
angles are equal.
d. Let us assume the general p rin c ip le : I f  two p a ra lle l lines  
are cut by a transversal, then the a lte rn a te  in te r io r  
angles have equal measures.
You have discovered that i f  two p a ra lle l lines are cut by 
a transversal the measures of corresponding angles are 
equal. Now le t  us see i f  we can prove th is  statement for 
any p a ra lle l lines and any p a ir o f corresponding angles.
In the diagram, u v and t  is a 
transversal in tersecting u and v.
Are the angles whose measures are 
represented by a and b a lte rn a te  
in te r io r  angles? Then does a«b? 
(Yes) Why? (A lternate in te r io r  
angles are equal.)  Are the angles 
whose measures are indicated by a 
and c v e rtic a l angles? (Yes) Then 
what can you say abou|t a and c? 
(They are eq ual.) We now have 
a=b and a®c. Can one name be sub­
s titu te d  for another namefor the 
same thing? Then is b=c? Have we
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proved the fo llo w in g : Corresponding angles have equal 
measures when two p a r a l le l  lin e s  a re  cu t by a tra n sve rs a l?  
(Yes in  each)
e . Measure each angle in the diagram . What d id  you f in d  
about the measures o f  ̂  a and / h? o f  b and S  a?
Do you th in k  the fo llo w in g  statem ent is  tru e : I f  two
p a ra lle l  lin e s  are  cu t by a tra n s v e rs a l, then the measures 
o f a lte r n a te  e x te r io r  angles a re  equal?
What is the sum o f angles c and e? Is the fo llo w in g  a 
tru e  statem ent: I f  two p a r a l le l  lin e s  a re  c u t by a tra n s ­
v e rs a l, then the sum o f th e  measures o f  in te r io r  angles  
on the same s id e  o f the tran sve rsa l equals 180°? (Yes)
f .  You neat know several fa c ts  about p a r a l le l  l in e s  w ith  a 
tra n s v e rs a l: The measures o f  a lte r n a te  in te r io r  ang les , 
corresponding an g les , and a lte r n a te  e x te r io r  angles a re  
equal; the in te r io r  angles on the same s id e  o f  the tra n s ­
versa l are  supplem entary.
9. Proving Lines P a ra lle l
a . A general p r in c ip le  is : I f  two lin e s  a re  cu t by a 
tran sversa l so th a t the measures o f  a p a ir  o f  a lte r n a te  
in te r io r  angles a re  eq u a l, the lin e s  are  p a r a l le l .  
Construct th is  s itu a t io n .
b . W rite  the converse o f th is  s ta tem ent. Is  the converse  
a tru e  statem ent? Was i t  a lre a d y  known to  you? (Yes
in  each c a s e .) I f  two p a r a l le l  lin e s  a re  cu t by a tra n s ­
v e rs a l, then the a lte r n a te  in te r io r  angles have equal 
measures. )
m c . In the diagram a t  the l e f t ,  a p a ir  o f  corresponding  
angles formed by lin e s  u, v , and tran sversa l t  have 
\  t> jw measures o f a .  Do you th in k  u llv ?
“  X l * '  (Yes) What is  the name o f the p a ir  o f
angles XQW and S&P? (V e r t ic a l ang les) 
What can you say about th e ir  measures, 
a and b? (They are  e q u a l. )  Then does 
m^JlPQ. ■ m/LSQP? (Yes) What p r in c ip le  
do you know about such angles? ( I f  the  
measures o f  a lte r n a te  in te r io r  angles a re  
eq u a l, the lin e s  a re  p a r a l l e l . )  Then is  
u |Jv? (Yes)
You have proved the statem ent: I f  two lin e s  a re  cu t by a 
tran sversa l so th a t a p a ir  o f  corresponding angles have 
equal measures, the lin e s  are p a r a l le l .
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d. State the converse of the above statement. Is I t  also  
a true statement known to you? (Yes) ( I f  two p a ra lle l 
lines are cut by a transversal, then the corresponding 
angles have equal measures.)
The diagram shows two lines cut by a 
transversal wi th a p a ir of a lte rn a te  
e x te rio r angles having equal measures.
Let us see i f  we can prove that the 
lines u and v are p a ra lle l under 
these conditions. What is the name 
of the angle pai ar>ri y  a? What
can you conclude about th e ir  measures? (They are equal.) 
What name do you give to the pa ir o f anglesZ^CDP and 
YPZ? (Corresponding angles) Since a = b, does =
m^fPZ? (Yes) Then what p rin c ip le  permits you to say 
that u||v?
( I f  the measures o f corresponding angles are equal, the 
1ines are p a r a l le i .
You have proved the statement: I f  two lines are cut b y  a 
transversal so that a p a ir o f a lte rn a te  e x te rio r angles 
have equal measures, the lines are p a ra lle l.
f .  S tate the converse of th is . Is i t  also true? (Yes)
( I f  two p a ra lle l lines are cut by a transversal, then 
the a lte rn a te  e x te rio r angles have equal measures.)
g. Suppose you are given two lines cut by a transversal so 
that a pa ir o f in te r io r  angles on the same side of the 
transversal are supplementary. Let us see i f  in this  
case we can prove lines u and v p a ra lle l.
Are^KQP adjacent angles? (Yes)
Do th e ir  sides l ie  along the same line?
(Yes) Then does a + c *  180°? (Yes)
Why? (Two adjacent angles whose ex­
te r io r  sides l ie  along a lin e  are 
supplementary.) Is 180° -  a another 
name for c? (Yes) We started  out with 
^ P Q  andZ§QP supplementary; that is , 
a + b ■ 180°. Is 180° -  a another name 
fo r b? (Yes) Then what do you conclude about b and c, 
the measures of a lte rn a te  e x te rio r angl esdfoP ancl^PQ? 
(They are equal.) What statement do you know that f i t s  
th is  situation? ( I f  the measures of a lte rn a te  in te r io r  
angles are equal, the lines are p a r a l le l . )
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You have proved the statem ent: I f  two lin e s  a re  cu t 
by a tran sversa l so th a t a p a ir  o f  in te r io r  angles on 
the same s id e  o f the tran sversa l a re  supplem entary, 
the lin e s  are  p a r a l le l .
h . S ta te  the converse o f the above s ta tem en t. Is i t  
a ls o  a tru e  statem ent? (Yes)
( I f  two lin e s  are  p a r a l le l  and cu t by a tra n s v e rs a l, 
then the in te r io r  angles on the same s id e  o f  the  
tran sversa l are  supplem entary.)
10. Drawing a p a r a l l e l  l in e
a . Suppose we are  given a l in e ,  1, and a p o in t , P, not on 
the l in e .  Le t us t r y  to  draw a p a r a l le l  l in e  to  1 
through P. Draw any tran sve rs a l through P th a t in te r ­
sects 1. Measure one o f the angles a t  Q. Then make a 
corresponding angle a t  P w ith  the same measure. Draw 
the l in e  on which the ray PR l i e s .  What general s ta te ­
ment a s s u re s  you th a t the l in e  you draw is  p a r a l le l  to  
1? ( I f  two lin e s  a re  cu t by a tran sve rs a l so th a t  a 
p a ir  o f corresponding angles have equal measures, the 
lin e s  are  p a r a l l e l . )
b . A s im ila r  process can be used to  draw a l in e  p a r a l le l
to  I w ith  compass and s tra ig h te d g e . F i r s t ,  however, you 
must know how to  copy an angle w ith  compass.and s t r a ig h t ­
edge. Copy^^D w ith  your p ro tra c to r , to*
Wi th your compass open to  any con- 
ve n ie n t d is ta n c e , use 0 as a cen te r  
and make an arc  in te rs e c tin g  the  
sides o f the angle a t  N and M. s
Now draw a l in e  and choose a p o in t ,O ',  
as the v e rte x  o f  the copied a n g le .
With O' as the c e n te r and w ith  the 
same opening o f the compass as b e fo re , 
make an a rc  and lab e l M‘ . To f in d  the  
s iz e  o f ^ P ,  measure the d is tan ce  MN 
w ith  your compass. Now use N1 as a 
cen te r and make an arc  in te rs e c tin g  
the f i r s t  arc  you draw. Label the in te rs e c tio n  N ' .  Then 
O'N' is  the ray th a t g ives thp copied a n g l e , w h o s e  
measure is equal to  th a t  of
11. C la s s if ic a t io n  o f T rian g les
a .  D e f in i t io n s
(1) A t r ia n g le  is a p a r t ic u la r  type o f  polygon— one w ith  
th ree  s id e s . A f ig u re  is  a t r ia n g le  i f  i t  cons is ts
of three points not on the same lin e  and three lin e  
segments jo in in g  the points in p a irs .
b. Types
(1) I f  a tr ia n g le  has two sides the same length, i t  is 
ca lled  an isosceles tr ia n g le .
(2) I f  a tr ia n g le  has three sides the same length, i t  
is ca lled  an e q u ila te ra l tr ia n g le .
(3) When no two sides of a tr ia n g le  are the same length, 
the tr ia n g le  is c a lled  a scalene tr ia n g le .
c . Construction
(1) To construct an isosceles tr ia n g le , s ta r t  with a 
lin e  segment, AB, as the base. Choose an opening 
fo r your compass and use each end point of the lin e  
segment to mark arcs that in te rs e c t. Label the 
in tersection  C. Draw AC and BC to form a tr ia n g le .
Why are two sides o f the tr ia n g le  equal in length?
(AC and BC are ra d ii o f equal c ir c le s .)
(2) To construct an e q u ila te ra l tr ia n g le , you must.make 
a l l  the sides of the tr ia n g le  the same length. Use 
your compass to measure the length of the lin e  seg­
ment th at is to be the base. Then, using each end 
point o f the base, mark arcs that in te rs e c t. Connect 
the point o f in tersection  w ith the end po ints . Why 
are a l l  the sides the same length? (DEi DF, and EF 
are ra d ii o f equal c ir c le s .)
(3) The height or a lt itu d e  o f a tr ia n g le  is the perpen­
d icu la r from a vertex to the opposite side.
(a) How many a lt itu d e s  does a tr ia n g le  have? (3) 
Construct an isosceles tr ia n g le  on your paper.
With compass and straightedge, construct a l l  the 
a lt itu d e s  o f the tr ia n g le  by the method you used 
to  construct a perpendicular from a point to a 
1 i ne.
Did the a lt itu d e s  in tersect in a point? Was the 
point inside the triang le?  See whether you can 
make a general statement concerning the a ltitu d e s  
of an isosceles tr ia n g le . (A ltitudes o f isosceles 
tr ia n g le  in te rsec t in a po int inside the tr ia n g le .)
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(b) Draw a scalene t r ia n g le  one o f whose angles is
an obtuse a n g le . C onstruct i t s  a l t i tu d e s .  Where 
do they in te rs e c t?  (Outside the t r ia n g le )  How 
can you m odify the general statem ent made in  the
(a ) p a rt in order to  make i t  apply to  scalene  
t r ia n g le s  as w ell as isosceles tr ia n g le s ?  (The 
a lt i tu d e s  o f a scalene or isosceles t r ia n g le  
in te rs e c t in a p o in t in s id e  or ou ts ide  the  
t r ia n g le . )
(c) Draw r ig h t  t r ia n g le .  Construct i ts  a l t i tu d e s .  
Where do the a lt i tu d e s  in te rs e c t?  (At the v e rte x  
o f the r ig h t  a n g le .)
12. The Sides o f a T r ia n g le .
a . Draw two tr ia n g le s  having d i f fe r e n t  s izes  and shapes. 
Compare the sum o f two sides to  the s iz e  o f the o th er  
s id e  in  each case. What do you find?  (For any t r ia n g le ,  
the sum o f the lengths o f  any two sides is g re a te r  than 
the length  o f  the th ird  s id e .)
b . Draw a t r ia n g le  whose sides measure 3 inches, 2̂ r inches, 
and 1 3A  inches. Use your p ro tra c to r  to  measure angles  
A and C. Which measure is  longer or la rg e r?  Which 
angle l ie s  opposite  the longer side? Do you agree th a t  
the fo llo w in g  p r in c ip le  is  true? (Yes)
I f  the measure o f one s id e  o f a t r ia n g le  is  g re a te r  than 
a second, the angle opposite  the longer s id e  has a g re a te r  
measure than the angle opposite  the s h o rte r  s id e .
c . W rite  the converse o f the statem ent above. Is i t  a tru e  
statem ent? (Yes)
( I f  the measure o f one angle  o f  a t r ia n g le  is  g re a te r  
than th a t o f  a second, the s id e  opposite  the angle w ith  
the g re a te r  measure is  la rg e r  than the s id e  opposite  the  
angle w ith  the sm alle r m easure.)
13 . Congruent T rian g le s
a . The diagrams below represent tr ia n g le s  th a t a re  e x a c tly  
the same s iz e  and shape. Do you see th a t  one t r ia n g le  
could be moved so th a t i t s  v e r t ic e s  would f a l l  on, o r  
correspond to , the v e r t ic e s  o f another tr ia n g le ?
(The v e rt ic e s  o f one t r ia n g le  may correspond to  the  
v e rt ic e s  o f a second t r ia n g le  in many w ays.)
(1) When the v e rt ic e s  correspond, does mAB̂ mOH? mBOmMN? 
i p e c tiv e  sides correspond?
(Yes in  each
case)
(2) I f  the vertices  o f two trian g les  can be made to 
correspond so that the lengths o f corresponding 
sides are equal and the measures o f corresponding 
angles are equal, the triang les  are said to be 
congruent.
(a) W rite the converse of th is .
( I f  two trian g les  are congruent, the vertices  
of the trian g les  can be made to correspond so 
that the lengths o f corresponding sides are 
equal and the measures of corresponding angles 
are equal.)
(b) A convenient symbol fo r " tr ia n g le "  is " "
and the symbol for " is  congruent to" is " " .
Conditions necessary fo r two trian g les  to be congruent
(1) On your paper, draw two lin e  segments—-AB, 2 inches 
long, and AC, 3 inches !ong--w ith an included angle,
A, measuring 75°. Now see i f  you can construct a 
tr ia n g le , ABC, w ith these given pa rts . Is the 
tr ia n g le  the same s ize  and shape as the triang les  
which others draw? Are a l l  the trian g les  congruent?
Do you agree that the follow ing p rin c ip le  is true?
(Yes In each case)
I f  two sides and the included angle of one tr ia n g le  
have the same measures as two sides and the included 
angle o f another tr ia n g le , the trian g les  are congruent.
(2) Shown here are angles A and B and th e ir  measures.
Line segment AB has a length o f 2£ inches. Can you 
construct a tr ia n g le , ABC, w ith these given parts?
The f i r s t  step in an attempt to construct the
^  tr ia n g le  is to draw a lin e  segment of 2£ inches.
Label the lin e  segment AB. Now construct a t A and 
B angles of the proper s iz e . The sides o f angles A 
and B w i11 in te rsec t a t C. You see that:
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I f  two angles and the included side o f one 
tr ia n g le  have the same measure as two anglas 
and the included s id e  o f  another t r ia n g le ,
— tr ia n g le s  a re  congruent.
(3) To discover the th ird  p r in c ip le  o f congruent
tr ia n g le s , begin w ith  the lengths o f th ree  given  
l in e  segments; construct a t r ia n g le  w ith  these  
measurements as the lengths o f i ts  s id e s . In  
comparing i t  w ith  the tr ia n g le s  o f others you 
see th a t:
I f  the th ree sides o f one tr ia n g le  have the same 
measures as the th ree  sides o f another, the  
tr ia n g le s  are congruent,
c . Have exercises w ith  tr ia n g le s  using these basic p r in c ip le s  
to  prove tr ia n g le s  congruent.
14. Isosceles and E q u ila te ra l T rian g les
a . Shown a t  the l e f t  is isosceles tr ia n g le  ABC.
What must be tru e  o f two o f i ts  sides? T h e ir  
lengths are  e q u a l. )
We c a ll the angle formed by the sides o f equal 
length the v e rte x  a n g le .
I f  two sides o f a t r ia n g le  a re  the same len g th , 
the ang1es oppos i te  these s i des have the same 
measure.
b. What is tru e  o f the sides o f an e q u ila te ra l tr ia n g le ?
(They are  a l l  the same le n g th .)  Is  an e q u ila te ra l  
t r ia n g le  an isosceles tr ia n g le ?  (Yes) Apply the 
statem ent above to  an e q u ila te ra l t r ia n g le , to  prove 
th a t an e q u ila te ra l t r ia n g le  is  eq u ian g u lar.
15. The Quadri 1 a te ra l Family
a . Have diagrams o f each member o f the q q a d r ila te ra l fa m ily  
which includes q u a d r ila te ra ls , p a ra lle lo g ram s, trap ezo id s , 
rec tan g les , rhombuses, squares.
b . A reg u lar polygon is a polygon a l l  o f  whose sides have 
the same length and a l l  o f whose angles have the same 
measure.
c . Draw a q u a d r ila te ra l on your paper. Measure each o f  the  
angles and fin d  th e ir  sum. Repeat the experim ent.
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What seems to be true of the sum o f the angle measures 
o f a q u a d rila te ra l?  (360°)
Let us try  to prove the statem ent: The sum o f the angle 
measures o f a  q u a d rila te ra l is 380°.
Draw a q u a d r ila te r a l, ABCD, and its  d iagonal, AC. Does 
the diagonal d iv id e  the q u a d rila te ra l in to  two trian g les?  
Can any q u a d rila te ra l be d ivided in to  two trian g le s?
What is the sum o f angles measured in each tr ia n g le ?  
(180°) What is the sum o f the angle measures o f the two 
tr ian g le s?  (380°) Would the sum o f the angle measures 
o f the tr ia n g le s  equal the sum o f the angle measures o f 
the q u a d rila te ra l?  (Yes) Then what is the sum o f the 
angle measures o f ABCD? o f any q u a d rila te ra l?  (380°)
16. The Trapezoid
a . A trapezo id  is a q u a d rila te ra l w ith  e x ac tly  one p a ir  o f  
oppos i te  s ides para11e 1.
How do you know th a t a trapezo id  has four s ides, 
four v e r t ic e s , and two d iagonals , and th a t the sum 
o f i ts  angle measures 360°? (P roperties  o f a l l  
q u a d r ila te ra ls .)
b . You know th a t the area enclosed by any geometric fig u re  
can be found i f  the fig u re  can be d iv ided  in to  non­
overlapping tr ia n g le s , rectang les , or squares.
Does diagonal KM o f trapezo id  KLMN d iv ide  
i t  in to  two non-overlapping trian g les?  
(Yes) Then is  the area o f trapezo id  KLMN 
equal to  the sum o f the areas o f KLM and 
KMN? (Yes) The length o f  the lower base 
o f the trapezo id  is  represented by B, the 
length o f the upper base by b, and the 
ig h t by h.
What is the length  
is i ts  height? (h) 
(£ Bh) Now examine 
the 1 eng th o f i ts
Examine tr ia n g le  KMN. 
o f i ts  base? (B) What 
Then what is i ts  area? 
t r ia n g le  KLM. What is 
base? What is  i ts  height? Since the area enclosed by 
the trapezo id  is equal to  the sum o f the area o f the 
tr ia n g le s , we can say:
area o f a trapezo id  *  ^Bh + ^bh 
Then what p r in c ip le  a l 1ows us to  w r ite  the fo llow ing  
formula fo r fin d in g  the area o f a trapezoid?  
(D is tr ib u t iv e )
A = £h (B + b)
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17. The P ara lle log ram
a . A p a ra lle lo g ra m  is a q u a d r ila te ra l w ith  both p a irs  o f  
opposite sides p a r a l le l .
b . Let us try  to  prove the statem ent: A diagonal o f  a 
p a ra lle lo g ram  d iv id es  i t  in to  two congruent t r ia n g le s .  
Draw p a ra lle lo g ram  ABCD and co n stru ct i t s  d ia g o n a l( AC. 
You a lre a d y  know th a t i f  two p a r a l le l  l in e s  a re  in ter** 
sected by a tran sversa l the a lte r n a te  in te r io r  angles  
are  equal in  measure. You know th a t AD||)C. Are angles  
BCA and DAC a lte r n a te  in te r io r  angles formed by these 
p a ra lle l  lin e s  and the tran sve rs a l AC? (Yes) Then 
what is tru e  o f m^ftAC and m d̂lOAC? (They a re  e q u a l.)  
Name the p a ra lle l  lin e s  and the tran sversa l th a t form  
a lte rn a te  in te r io r  angles BAC and DCA. Then mSnAc ** 
nU^DCA? (Yes)
Now, in the two tr ia n g le s  formed by the p a ra lle lo g ra m  
and i ts  d iag o n a l, you have two angles and the included  
s ide o f  one equal in  measure to  two angles and the  
included s id e  o f the o th e r .
You have a ls o  proved the statem ent: The opposite  s ides  
o f a p a ra lle lo g ram  are  equal in  le n g th .
You know th a t two p a irs  o f angles in the tr ia n g le s  
have equal measures* Then what must be tru e  o f  the 
th ird  p a ir  o f  angles? (T h e ir measures a re  e q u a l.)
Can you a ls o  say th a t the opposite  p a irs  o f angles o f  
a p a ra lle lo g ram  are  equal? (Yes)
c . Suppose we know th a t the opposite  sides o f  q u a d r ila te ra l  
ABCD have the same le n g th , is the q u a d r ila te ra l a 
para lle logram ? (Yes) The on ly  way we can prove th a t  
ABCD is a p a ra lle lo g ram  is  to  prove the opposite  sides
Is the diagonal AC a tran svers a l?  (Yes)
Which two a lte r n a te  in te r io r  angles must 
have the same measure to  prove ABfiDC? 
(Angles BAC and DCA) Which two angles  
must have the same measure to  prove ADljBC? 
(DAC, BCA) Can we conclude th a t  each o f  
these pa i rs o f ang1es has the same measure 
i f  we prove t r ia n g le  ACD, t r ia n g le  CAB? 
(Yes) You know th a t the opposite  sides  
o f ABCD are  equal in le n g th . Then what p r in c ip le  can 
you use to  prove the two tr ia n g le s  congruent? (Three  
sides o f one have same measures as th ree  sides o f the  
o th e r .)
p a ra lle i
d . In  the above e x e rc is e , you completed an a n a ly s is  o f  a 
problem, but you did not prove the s ta tem en t. You d id ,
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however, discover what must be done to prove i t .  Now 
prove that: I f  the opposite sides of a quadrila tera l 
have the same measure, i t  is a parallelogram . The 
steps of the proof should develop from the fact that 
a diagonal o f the given quadrila tera l divides i t  into  
the congruent tr ia n g le s .
18. The Rectangle
a . Since a rectangle is a q u a d rila te ra l, i t  inherits  a ll  
the properties of a q u a d rila te ra l. I t  also inherits  
the properties proved for a parallelogram . Name these. 
(Review d e fin itio n  o f rectangle: A rectangle is a 
parallelogram  in which the angles are r ig h t angles.)
b. Draw a rectangle and measure its  diagonals. Do the 
diagonals have the same length? (Yes) Try the 
experiment w ith several rectangles of d -ffe re n t shapes.
What seems to be true? (Diagonals of a rectangle have
same length .)
c . Can we analyze the problem to find a method of proof?
At the r ig h t is a diagram of a
rectangle w ith its  two diagonals.
Would DF and EG have the same 
length i f  we proved they are £
corresponding sides o f congruent 
triangles? (Yes)
Diagonal EG is a side of tr ian g le
GFE, and DF is a side of tr ian g le
DEF. At the r ig h t, we show the 
triang les  separate ly . Now le t  
us prove th at: The diagonals of 
a rectangle have the same length. p 
Is mDE“ mGF? Why? (Opposite sides 
of a rectangle have same len g th .) Angles DEF and GFE are
r ig h t angles. Then does m^DEF*m/^FE? (Yes) Which
side o f the rectangle is common to both triangles? (FE) 
State the p rin c ip le  you w ill  use to conclude that 
tr ia n g le  D E F ^  tr ian g le  GFE. (Two sides and included 
angle o f one tr ia n g le  have same measures as two sides 
and included angle o f the o th e r.)
d. I f  we prove that the diagonals o f a rectangle bisect 
each other, may we assume that the diagonals of a 
parallelogram  bisect each other. (No) However, i f  we 
prove that the statement is true for parallelograms, 
may we assume that rectangles in h e rit th is  property?
(Yes) (Emphasize that proving something true for a 
special type of figure  does not make i t  true for a more 
general f ig u re .)
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e . Look a t  the diagram o f  a p a ra lle lo g ra m  a t  the l e f t .  Ir.
t r ia n g le s  ABO and CDO, OD corresponds to  OB, 
and QA to  GBfe i f  we prove these tr ia n g le s  
congruent, what can we say about the c o rres ­
ponding sides7 (T h e ir lengths a re  e q u a l.)
Then we s h a ll have proved: The d iagonals o f  
a p a ra lle lo g ram  b is e c t each o th e r . You know 
p  q  th a t ABHDC. Is  DB a tran sversa l?  (Yes)
7 Why do these fa c ts  make nu£tBD and nydjCDB equal? (They a re  a lte r n a te  in te r io r  angles  formed by p a ra lle l  lin e s  and a tra n s v e rs a l.)
Is  AC a ls o  a tran sversa l o f AB and DC? (Yes) 
g  Then which o th er p a ir  o f angles must have 
equal measures? ABD and COB) How do
the lengths o f AB and DC compare? (They a re  
e q u a l.)  S ta te  the p r in c ip le  th a t perm its you 
to  conclude th a t t r ia n g le  ABO 9 * t r ia n g le  CDO. 
T h ere fo re , mOD “  mOB, and mOA *  mOC. Hove 
you completed the des ired  proof? (Two 
angles and included s id e  o f one t r ia n g le  have
same measures as two angles and included s id e
o f the o th e r .)
f .  Do you th in k  i t  is  tru e  th a t:  A p a ra lle lo g ra m  w ith  one 
r ig h t  angle is a rectang le?  What would you have to  prove
in order to  e s ta b lis h  th is  statem ent? (That a l l  the
angles are  r ig h t  a n g le s .)  What p ro p e rtie s  concerning
the angles o f a p a ra lle lo g ra m  would be h e lp fu l?  (Opposite  
p a ir  o f angles have equal measures; consecutive angles  
are supplem entary.)
19. The Rhombus and the Square
a . A rhombus is a p a ra lle lo g ra m  a l l  o f  whose sides have the  
same le n g th . L is t  the p ro p e rtie s  th a t a rhombus in h e r its  
from the o th er q u a d r i la te r a ls .
b . Draw a rhombus l ik e  the one a t  the r ig h t ,  
w ith  each s id e  l i  inches long and an 
acute angle equal to  7 0 ° . Measure 
angles DAC and BAC. Then measure angles  
DCA and BCA. Do you f in d  th a t the  
diagonal b isec ts  the opposite  angles o f  
the rhombus? (Yes)
The experim ent in d ic a tes  th a t a diagonal o f  a rhombus 
b isec ts  the opposite  an g le s . Now we should l ik e  to  prove 
th is  to  be tru e . Given rhombus ABCD, is  i t  tru e  th a t  a l l  
o f i ts  sides have the same length? Can you conclude th a t  
mAD>mDC? Then is  t r ia n g le  ADC an isosceles tr ia n g le ?
In an isosceles t r ia n g le ,  you know th a t the angles opposite  
the sides o f equal length  have equal measures. What o ther  
th ings do you know about a rhombus?
f t
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c . Let us try  to prove that the diagonals of a rhombus are 
perpendicular. Examine the rhombus a t the l e f t .  I f  m / v / Z Y  
is x and m / M  is y, what can you say about 
^  y  the sum of x and y? (Equals 180°) You know
f>Lt s T  that the diagonals of a rhombus bisect the
/  /  ang le s . Then does nu^fZO^x and
/  /  (Yes) What does i x  +£y equal? 90°. Now
\  /  examine tr ia n g le  ZOW. You know that the
f i r  U  sum o f the measures of^WZO and.^ZW0 equals
*  90°. Then what is m v^OM? (90°) Have you
proved that the diagonals of a rhombus are 
perpendicular? (Yes)
d. A square is a parallelogram a ll  of whose sides have the 
same length and a l l  o f whose angles are rig h t angles.
e . What kinds o f triang les  are formed by the diagonal of 
a rhombus? (Isosceles) of a rectangle? (Right) of a 
parallelogram? (Scalene) of a quadrila tera l?  (Scalene) 
In which figures may you assume the triang les are 
congruent? (All except q u a d rila te ra l.)
f .  Is the d e fin itio n  o f a square above a complete defin ition?  
(No) Another way to s ta te  the d e fin itio n  is: I f  a 
parallelogram  has a l l  o f its  sides the same length and 
a l l  o f its  angles rig h t angles, i t  is a square. State  
the converse. Is the converse true? (Yes) ( I f  a 
parallelogram  has a l l  o f its  sides the same length, i t
is a rhombus. I f  a parallelogram  is a rhombus, i t  has 
a l l  of its  sides the same length .)
20. Area of a Parallelogram and Rhombus
a . Do you know the formula for the area of a parallelogram? 
Let us derive th is  formula, using what we already know 
about areas of triang les  and properties of parallelograms. 
Parallelogram RSTU has a height 
whose length is h and a base length 
of b. Are the opposite sides of a 
parallelogram  equal in length? (Yes)
Then does mUT==h? (Yes) Does diagonal 
SU divide the parallelogram  in to  two 
non-overlapping triangles? (Yes)
What is the area o f tr ia n g le  RSU?
(£bh) Is the area of the parallelogram  equal to the sum 
of the areas o f  the triangles? (Yes) I f  A is the area 
of the parallelogram , we may say:
A *  ibh + £bh or A = bh
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b. The f ig u re  ABCD is a rhombus w ith  i ts  
diagonals AC and BD. Do the diagonals  
b is e c t each other? (Yes) Then we may 
in d ic a te  the lengths o f the segments o f 
the diagonals as in  the diagram , making 
the lengths o f  the d iagonals 2x and 2y.
Let us try  to  f in d  the area o f a rhombus in  terms o f  
the lengths o f i ts  d iag o n a ls . What kind o f  angle is  
each o f the angles a t  0? (R ight an g les ) Then what 
is the area o f t r ia n g le  AOD? (£xy) What is  the  
area o f each o f the o th e r tr ia n g le s  formed? What 
is the area o f the rhombus in  terms o f x and y? Can 
th is  be w r it te n  as A“ 2xy, or Af £  X 2x X 2y? (Yes)
Would i t  be c o rre c t to  say the area o f a rhombus 
equals o n e -h a lf the product o f the lengths o f i ts  
diagonals?
c . On paper, w r ite  a l l  o f  the q u a d r ila te ra ls  d iscussed.
Under each, l i s t  a l l  the p ro p e rtie s  you have been g iven  
or have proved about these f ig u re s .
Q u a d r ila te ra l:  If s id e s , k  v e r t ic e s , k  an g les , 2 d iag o n a ls ,
sum o f angles measure 3 8 0 °.
P ara lle log ram : a l l  fo re g o in g ,-p i us: both p a irs  o f  opposite  
sides p a r a l le l ;  opposite sides equal in  len g th ; 
opposite p a irs  o f angles have equal measures; 
consecutive angles a re  supplem entary; diagonal d iv id e s  
i t  in to  two congruent tr ia n g le s ;  d iagonals b is e c t  
each o th e r .
T rapezoid: P ro p ertie s  o f  the q u a d r ila te ra l plus one p a ir  
o f opposite s ides p a r a l le l .
R ectangle: A ll p ro p e rtie s  o f a q u a d r ila te ra l and p a r a l le lo ­
gram plus a l l  angles a re  r ig h t  an g les , diagonals have 
equal len g th s .
Rhombus: A ll p ro p e rtie s  o f  a q u a d r ila te ra l and p a r a l le lo ­
gram plus a l l  s ides have the same le n g th , d iagonals  
b is e c t opposite  ang les , diagonals a re  p e rp e n d ic u la r. 
Square: A ll p ro p e rtie s  o f  a q u a d r i la te r a l ,  p a ra lle lo g ram ,
re c ta n g le , and rhombus.
21 . C i rc 1 e
a . A c i r c le  is  a plane f ig u re  co n s is tin g  o f the s e t o f  a l l  
po in ts  a t  a g iven d is tan ce  from a p o in t in the same p la n e .
b . Review the d e f in i t io n  o f the ra d iu s , d iam eter, a rc , and 
the d e f in i t io n  o f  a s e m ic irc le .
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c . You know that in a complete revolution there are 360°. 
The diagram shows a r ig h t angle in a 
c irc le  with its  vertex a t the center 
and ra d ii fo r sides. An angle that 
has i ts vertex a t the center o f the 
c irc le  is ca lled  a central angle.
An arc of a c irc le  has the same measure
as its  cen tra l angle.
An arc o f a c irc le  has the same measure as its  central 
angle. Another p rin c ip le  we accept is : A central angle 
has the same measure as its  arc .
d. You know that a regular polygon has a l l  o f its  sides
the same length and a l l  of its  angles equal in measure.
When a figure  is inscribed in a c irc le , a l l  of its
vertices are points on the c irc le  and a ll  o f its  sides
l ie  inside the c ir c le .
e . Draw a large c irc le  on your paper. Draw two diameters 
that are perpendicular. What is the measure of each 
central angle? Connect the ends of the diameters with
lin e  segments. What is the name of the figure  formed?
Prove that the figure is a square by proving that 
ce rta in  triang les  are congruent.
In any two of the small triang les formed, two sides and 
included angle of one have same measures as two sides 
and included angle o f the other. Therefore, sides of 
the inscribed polygon have same length. Acute angles 
of triang les  measure kS°. Pair o f adjacent angles a t 
ends of diameters measure 90°. Therefore, angles of 
polygon are r ig h t angles. Figure is a square.)
22. S im ilar Triangles
a . Two triang les  having the same shape, but not necessarily  
the same s ize , are ca lled  s im ila r tr ia n g le s .
Two triang les are s im ila r i f  the measures of corres­
ponding angles are equal and the ratios of the lengths 
of corresponding sides are equ ivalen t.
b. Draw two rig h t triang les  whose acute angles have measures 
of 30° and 60 °. W ill the measures o f a l l  pairs of 
corresponding angles be equal? (Yes) Are the ratios  of 
the lengths of corresponding sides equivalent? (Yes)
Then what is the re la tionsh ip  between the two rig h t 
triangles? (They are s im ila r)
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(1) You know th a t a p ro p o rtio n  is a statem ent th a t two 
ra t io s  are  e q u iv a le n t. To s im p lify  the statem ent 
"The ra t io s  o f the lengths o f corresponding sides  
are  e q u iv a le n t ,"  we may say "Corresponding sides a re  
p ro p o r t io n a l."
(2) i f  the measures o f corresponding angles o f  two 
tr ia n g le s  are  eq u a l, the tr ia n g le s  a re  s im ila r .
(3) We use the symbol "  "  to  mean " is  s im ila r  t o ."
(4) Two r ig h t  tr ia n g le s  have a p a ir  o f  corresponding  
acute angles equal in measure. Are the measures 
o f the th ird  p a ir  o f angles equal? Why? (The sum 
o f the measures o f the angles o f any t r ia n g le  
equals 1 8 0 ° .)  Then, i f  an acute angle o f one r ig h t  
t r ia n g le  has the same measure as an acute angle  o f  
another r ig h t  t r ia n g le ,  the tr ia n g le s  are  s im i la r .
23. Pythagorean Rule
a . The two sides o f a r ig h t  t r ia n g le  which form the r ig h t  
angle a re  c a lle d  the Legs o f the r ig h t  t r ia n g le .
The s id e  opposite the r ig h t  angle is c a lle d  the 
hypotenuse.
(1) When a r ig h t  angle is  named '1ABC" i t  is  customary 
to label the v e rte x  o f  the r ig h t  angle  C. The 
length  o f the s id e  opposite  each v e rte x  is  denoted 
by the corresponding smal1 l e t t e r .  (For example, 
the s id e  opposite  ^ L w o u ld  be lab e le d  c . )
(2) Is the hypotenuse always the longest s ide  o f  a 
r ig h t  tr ia n g le ?  (Yes) Why? ( I t  is  opposite  the  
r ig h t  angle which is always the la rg e s t a n g le .)
b . Draw a r ig h t  t r ia n g le  w ith  legs 8 and 15 u n its  in  le n g th .
Is the hypotenuse 17 u n its  in  length? Does 8 +  15 *  17 ?
The sum o f the squares o f the lengths o f the legs o f  a 
r ig h t  t r ia n g le  is equal to  the square o f the length  o f  
the hypotenuse. This is  the " r ig h t  t r ia n g le  r u le , "  or 
the "Pythagorean r u le ."
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2k. Square Root
2 2 2 2a . In the formula a + b = c we can fin £  c i f  we know the
values of a and b. We also can find  a i f  we know the 
values of b and c, and b2 i f  we know the values of a and
c . But in many cases i t  is not c2 or b that we desire 
to find ; i t  is c or a or b that we must f in d . To do this  
we must know how to find  the value of c when the value 
o f c2 is known, fo r instance.
(1) We know that 5^ means 5 * 5 .  We ca ll 25 the "square 
of 5 ."
(2) S tarting  w ith a number such as 169, we should lik e  
to "unsquare" i t .  That is , we should lik e  to find  
the number that when m u ltip lied  by i t s e l f  results in 
169. Such a number is ca lled  a square ro o t.
b. A number such as 25 is ca lled  a perfect square, because 
the value of its  square root is a whole number; that 
is , 25 83 5 . Just as addition and subtraction are 
inverse operations, so finding the square of a number 
and finding the square root of a number are inverse 
operations. The symbol for square root is " V  "; i t  is 
read "the square root o f ."
In th is  s itu a tio n , we are speaking o f the positive  
square root only.
25. Approximating Square Roots
a . Draw a square with a length of 1 inch. To find the 
length o f its  diagonal, we would have to know the value 
of a and b, which we do know. In the formula, replace 
a wi th 1 and b wi th 1 .
I 2 + i2  .  c2 
2 = c^ 
c
(1) Between what two perfect squares does 2 lie?  1 and k . 
Then V T is  greater than 1 and less than 2. Can we 
w rite  th is  re la tionsh ip  as follows? (Yes)
1 <  }/2~C l
(2) Do you think th a tV Z T s  closer to 1 or to 2? Try 1 .4. 
as the square roo t. What does (1 A )  equal? Is " fT  
greater than l_Jf? Try 1 .5 . What does its  square 
equal? Is V 2 less than 1.5? Then we can w rite :
1. + 4, 1.5
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(3) From these re s u lts , would you say th a t Ties very  
close to  1 .4 , midway between 1 .4  and 1 .5 , or c lo se  
to  1.5? Try 1 .4 1 . Square i t .  Try 1 .42  and square
(4) Would you say th a t  V^2 7 ies c lo se  to  1 .4 1 , about 
midway between 1.41 and 1 .4 2 , o r c lose to  1.42?
What is the square o f 1 .415? 1.414? W rite  an 
in e q u a lity  th a t orders V 2 between two numbers each 
w ith  th re e  decimal p la c e s .
(5) Ca rry  the work on one step  fa r th e r  so th a t you f in d  
~-/2 between t wo 4 -p la c e  decimal numbers. A number 
such as t / T T s l ik e  tHe n u m b e r , N o  m atte r how 
many decimal places you ca rry  the work out to , the  
decimal expression w i l l  not become re p e a tin g , nor 
w i l l  i t  end, or te rm in a te .
b . To i l lu s t r a t e  another method we w i l l  f in d V 3 9  co rrec t 
to  the nearest thousandth. Between what  two p e rfe c t  
squares does 39 l ie ?  (36 and 49) Is V ^ 9  c loser to
6 , or 7? Try 6 .3  as an approxim ation to  one o f the two 
equal fa c to rs  o f 39 . We use d iv is io n  to  f in d  the o th er  
fa c to r  and c a rry  the work to  one more decimal p lace  
than th ere  is in the d iv is o r .  Since the q u o tie n t,
6 . 19. is sm alle r than the d iv is o r ,  you know th a t 6 .3  
was too la rg e  a ch o ice .
Do you th in k  the c o rre c t square roo t is  o n e -h a lf  o f  
the way between 6 .1 9  and 6 .3?  What is  the d iffe re n c e ?  
o n e -h a lf the d iffe re n c e ?  Add th is  to  the sm alle r fa c to r ,  
e ith e r  the d iv is o r  or the q u o tie n t . Then you have
6 .1 9  + .055 as one fa c to r .  Use the sum as a new guess 
fo r  the square ro o t and d iv id e  a g a in . Again f in d  the  
d iffe re n c e  between the d iv is o r  and the q u o tie n t end add 
o n e -h a lf o f  i t  to  the sm a lle r fa c to r .
c . A th ird  method o f f in d in g  approxim ations to  square roots  
is by the use o f a ta b le  o f squares and square ro o ts .
ACTIVITIES:
Because o f the wide v a r ie ty  and number o f  a c t iv i t ie s  in  the  
u n it  on geometry, they a re  incorporated  in to  the su b jec t m atte r  
o u t l in e .  This is  d e s ira b le  because in  developing the various  
concepts in th is  u n it  th ree  or four a c t iv i t ie s  May be needed to  
p ro p erly  demonstrate the concept under d iscu ss io n .
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APPENDIX G
DATA SHOWING RAW SCORES AND DIFFERENCE BETWEEN TOTAL RAW SCORES 
ON ARITHMETIC REASONING (A), ARITHMETIC CONCEPTS (B), ARITHMETIC 
COMPUTATION (C), AND TOTAL RAW SCORES FOR QUART ILE I —
SRA ACHIEVEMENT TEST IN ARITHMETIC— FORM A,
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
EXPERIMENTAL GROUP ~  CONTROL GROUP ~
September, 1962 A p r il, 1963 tj September, 1962 A p r il, 1963
A B C Total A B C  Total o h  A B C Total A B C  Totaloh-
8 10 9 27 17 13 9 39 12 9 9 8 26 17 17 20 54 28
9 10 10 29 12 10 17 39 10 9 9 9 27 11 22 4 37 10
10 6 14 30 14 9 8 31 1 8 6 17 31 26 20 28 74 43
7 11 14 32 19 17 20 56 24 12 12 8 32 14 11 16 41 9
14 12 7 33 13 16 19 48 15 12 8 12 32 10 11 11 32 0
9 5 20 34 19 10 12 41 7 15 6 12 33 19 14 20 53 20
12 8 14 34 20 13 15 48 14 6 16 13 35 15 18 27 60 25
9 13 12 23 13 11 17 41 7 10 11 14 35 14 17 18 49 14
14 7 14 35 15 14 11 40 5 10 15 10 35 12 10 20 42 7
10 15 10 35 26 13 23 62 27 14 10 12 36 14 11 13 38 2
12 9 14 35 27 18 30 75 40 11 10 16 37 19 16 24 59 22
9 8 19 36 14 12 15 41 5 14 6 17 37 20 13 38 71 34
9 10 17 36 16 17 27 73 37 15 11 11 37 20 12 21 53 16
14 10 13 37 31 20 28 79 42 16 12 9 37 31 23 33 87 50
8 7 23 38 20 16 17 53 15 9 11 18 38 12 18 17 47 9
10 15 13 3 # 16 12 13 41 3 15 14 9 38 15 10 11 36 -2
10 6 22 38 18 9 26 53 15 11 16 11 38 15 19 26 60 22
10 10 18 38 7 8 19 34 -4 15 11 13 39 20 12 25 57 18
13 5 20 38 13 9 17 39 1 15 10 14 39 13 12 19 44 5
11 9 18 38 12 18 26 56 18 9 15 16 40 23 17 29 69 29
8 15 17 40 16 15 19 50 10 14 14 12 40 13 17 19 49 9
8 11 22 41 12 14 21 k7 6 20 8 12 40 13 12 15 40 0
11 10 20 41 20 12 12 44 3 21 6 13 40 23 18 25 66 26
*7 11 13 41 16 15 17 48 7 10 10 20 40 21 22 2? 72 ?2
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APPENDIX G (Continued)
EXPERIMENTAL GROUP ~  ~  CONTROL GROUP 7  "
September, 1962 A p r i l ,  1963 t*-* -g September, 1962 Apr i l ,  1963
A B C  Total A B C  T o ta lo  +- A B C  Tota l A B C To ta l o  °
21 8 13 42 13 2 8 23 -1 9 12 13 18 43 19 22 39 80 37
16 9 17 42 18 12 13 43 1 12 13 18 43 16 15 15 46 3
13 11 18 42 13 14 22 49 7 11 7 25 43 22 21 25 68 25
13 10 19 42 19 17 29 65 23 13 11 20 44 18 20 8 46 2
16 10 17 43 19 13 16 48 5 16 5 23 44 12 9 22 43 -1
11 10 22 43 16 16 28 60 17 14 15 16 45 21 24 20 65 20
15 12 17 44 22 13 16 51 7 18 12 16 46 21 12 26 59 13
15 12 17 44 22 13 16 51 7 11 15 20 46 13 23 38 74 28
23 14 7 44 14 19 11 44 0 18 12 16 46 14 17 13 44 -2
17 1 1 16 44 27 15 21 63 19 15 15 16 46 14 17 16 47 1
15 17 12 44 13 14 12 39 -5 13 7 26 46 16 10 26 52 6
16 14 14 44 20 16 27 63 19 12 12 22 46 15 19 20 54 8
12 10 23 45 18 8 16 42 -3 17 6 23 46 10 12 21 43 -3
14 13 18 45 21 17 23 61 16 12 12 22 46 9 13 19 41 -5
15 12 18 45 18 16 22 56 11 10 19 18 47 30 23 40 93 46
17 14 14 45 19 15 23 57 12 15 14 18 47 15 13 10 38 - 9
15 11 19 45 11 10 21 42 -3 14 13 20 47 27 20 35 82 35
22 9 14 45 18 18 17 53 8 18 21 19 48 26 23 25 74 26
18 12 15 45 17 18 15 50 5 26 7 15 48 20 15 21 56 8
19 10 16 45 25 18 19 62 17 15 15 18 48 18 14 14 46 -2
15 16 14 45 20 19 23 62 17 16 17 16 49 21 21 38 80 31
1i+ 11 21 46 19 12 12 43 -3 15 11 23 49 19 12 34 65 16
16 9 21 46 17 15 34 66 20 16 12 21 49 29 21 24 7^ 25
15 lit 17 46 15 . 19 28 62 16 26 14 9 49 22 18 14 54 5
19 11 17 47 16 14 27 57 10 16 16 17 49 21 22 28 71 22
19 10 18 47 10 12 19 41 -6 13 10 26 49 21 12 18 51 2
20 9 18 47 18 11 19 48 1 21 16 12 49 21 17 9 47 -2
14 9 24 47 17 13 49 2 20 14 l? 49 2? 18 2? 64 1?
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APPENDIX G (Continued)
EXPERIMENTAL GROUP CONTROL GROUP ~
September, 1962 A p r il,  1963 o September, 1962 A p r il, 1963 I t
A B C Total A B C  Total o h - A B C Total A B C  Total Q
19 12 16 > 7 15 10 11 36 -11 14 11 24 49 16 15 26 57 8
15 12 20 k7 26 19 31 76 29 9 14 26 49 21 16 37 74 25
15 12 20 k l 26 19 31 76 29 17 15 18 50 16 17 22 55 5
18 10 20 48 Ik 21 17 52 4 8 10 32 50 24 22 40 86 36
17 14 17 k8 19 21 28 68 20 21 10 19 50 30 17 40 87 37
15 8 25 k8 19 2k 36 79 31 21 12 17 50 18 22 23 63 13
17 10 21 k8 27 18 22 67 19 24 7 19 50 23 16 22 61 11
16 13 19 48 17 12 18 47 -1 18 13 19 50 20 15 20 55 5
19 13 16 k8 18 11 23 52 4 16 17 17 50 27 16 26 69 19
24 15 9 k8 19 19 23 61 13 20 12 18 50 18 15 21 54 4
21 9 19 49 25 20 18 63 14 13 12 26 51 21 23 34 78 27
18 11 20 49 16 9 29 54 5 14 14 23 51 20 15 25 60 9
18 8 23 k9 22 14 35 71 22 19 16 16 51 26 17 26 69 18
17 13 19 k9 22 13 25 60 11 13 9 29 51 13 12 30 55 4
12 10 27 k9 23 14 24 61 12 21 13 17 51 18 13 15 46 -5
14 16 19 k9 19 22 13 54 5 25 17 9 51 26 21 37 84 33
12 14 23 k9 20 11 30 61 12 13 15 23 51 5 17 25 47 - 4
14 9 27 50 11 20 30 61 11
15 12 23 50 14 15 32 61 11
16 10 2k 50 31 18 28 77 27
17 20 23 50 2k 22 28 74 24
17 11 22 50 21 11 28 60 10
20 9 22 51 23 16 28 67 16
19 10 22 51 16 14 24 54 3
19 10 22 51 27 24 25 76 25
22 15 lit 51 26 17 19 62 11
15 11 25 51 19 15 37 71 20







DATA SHOWING RAW SCORES AND DIFFERENCE BETWEEN TOTAL RAW SCORES 
ON ARITHMETIC REASONING (A ), ARITHMETIC CONCEPTS (B ), ARITHMETIC 
COMPUTATION (C ), AND TOTAL RAW SCORES FOR OUARTILE I I - -  
SRA ACHIEVEMENT TEST IN ARITHMETIC— FORM A,
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
EXPERIMENTAL GROUP CONTROL GROUP
September, 1962 A p r i l ,  1963 ]£ 2  September, 1962 A p r i l ,  1963 -g
A B C  Total A B C  Total o k  A B C Total A B C  T o ta lo  i -
18 15 19 52 18 17 20 55 3 27 16 9 52 24 17 34 75 23
19 13 20 52 12 14 19 45 -7 14 14 24 52 23 18 28 69 17
21 10 21 52 16 17 37 70 18 26 10 16 52 23 20 19 62 10
15 12 25 52 14 14 33 61 9 15 23 14 52 28 24 34 86 34
16 \k 22 52 19 18 34 71 19 18 12 22 52 15 12 26 53 1
19 13 20 52 13 24 37 7k 22 18 7 27 52 20 17 32 69 17
13 11 28 52 11 16 28 55 3 16 16 20 52 22 25 41 88 36
18 16 19 53 16 14 21 51 -2 22 16 15 53 33 19 21 73 20
24 14 15 53 28 22 30 80 27 21 12 20 53 18 22 16 56 3
17 11 26 5k 16 15 3k 65 11 16 13 24 53 24 17 31 72 19
19 16 19 5k 20 16 12 48 -6 23 9 21 53 30 21 27 78 25
19 ]k 21 5k 16 17 30 63 9 21 15 18 5k 24 15 34 73 19
17 17 20 5k 24 15 33 72 18 12 14 28 54 17 15 32 64 10
13 10 32 55 27 21 31 79 24 22 11 21 54 23 19 32 74 20
18 17 20 55 34 24 24 82 27 17 8 29 54 23 19 33 75 21
17 13 25 55 24 21 35 80 25 27 14 14 55 24 22 38 84 29
13 17 25 55 28 19 23 70 15 16 19 20 55 17 18 35 70 15
22 17 16 55 22 23 19 64 9 16 14 23 55 16 12 33 61 6
14 15 26 55 18 21 34 73 18 17 15 23 55 20 15 15 50 -5
17 12 26 55 20 18 15 53 -2 20 13 22 55 20 17 24 61 6
2k 15 16 55 13 17 24 5k -1 20 14 21 55 24 14 29 67 12
16 \k 25 55 22 29 40 91 36 20 13 23 56 27 21 28 76 20
14 13 29 56 17 10 21 48 -8 15 16 25 56 16 15 35 66 10
18 12 26 56 12 16 32 60 4 18 13 25 56 22 19 26 67 11
17 \k 25 56 26 2? ?5 84 28 20 9 27 56 16 16 20 52 -4
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APPENDIX H (Continued)
  ...  ----------------  c------------------------------------------ —---- r
EXPERIMENTAL GROUP ~  -  CONTROL GROUP
September, 1962 A p r il, 1963 September, 1962 A p r il, 1963 V
A B C Total A B C  Total o  £  A B C Total A B C  Total ■O h~
19 10 27 56 15 15 24 54 -2 22 14 20 56 25 15 38 78 22
15 ’ 3 28 56 13 13 28 54 -2 16 16 24 56 28 24 45 97 41
28 10 18 56 20 15 25 60 4 19 14 23 56 18 15 24 57 1
21 16 20 56 24 22 37 83 27 19 9 28 56 19 16 30 65 9
17 17 23 57 23 18 25 66 9 12 21 23 56 29 25 30 84 28
15 15 27 57 14 14 31 59 2 24 12 21 57 27 15 38 80 23
19 13 25 57 15 13 19 b7 -10 18 14 25 57 18 14 38 70 13
14 15 28 57 32 19 32 83 26 25 14 18 57 22 16 13 51 -6
22 16 IS 57 19 15 31 65 8 18 10 29 57 25 13 30 68 11
18 14 25 57 25 23 36 84 27 18 19 20 57 13 12 16 41 -16
20 10 28 58 21 17 30 68 10 22 17 18 57 30 27 37 94 37
10 14 35 58 26 18 32 76 18 23 12 23 58 21 12 21 54 -4
19 13 26 58 24 22 34 80 22 20 14 24 58 25 17 29 71 13
19 15 24 58 21 23 37 81 23 25 19 14 58 25 25 33 83 25
17 15 26 58 21 13 43 87 29 23 13 23 59 35 19 23 77 18
33 11 15 59 21 12 20 53 -6 17 21 21 59 12 18 32 62 3
19 14 26 59 25 16 19 60 1 28 14 17 59 23 16 33 72 13
18 16 25 59 27 20 30 77 18 26 19 14 59 32 25 39 96 37
13 U 35 59 22 17 36 75 16 25 11 23 59 38 18 32 78 19
14 18 27 59 23 19 19 61 2 22 12 25 59 29 16 31 76 17
23 8 28 59 17 17 24 58 -1 17 18 25 60 15 25 29 69 9
20 17 22 59 23 24 23 70 11 17 16 27 60 30 26 31 87 27
26 13 20 59 23 24 25 72 13 22 15 23 60 23 16 34 73 13
18 11 30 59 20 17 35 72 13 21 20 19 60 25 16 25 66 6
22 15 23 60 21 19 27 67 7 25 18 17 60 24 19 33 76 16
18 17 25 60 29 25 34 88 28 21 18 21 60 20 23 40 83 23
0 22 38 60 29 22 32 83 23 23 15 22 60 27 21 28 76 16
15 17 28 60 28 23 33 84 24 15 18 28 61 26 24 31 81 20







September, 1982 A p r i l ,  








Is CONTROL GROUP 
September, 1962 A p r i l ,  
A B C  Total A B
c m
1963
C T o ta ls  °
20 15 26 61 21 11 25 57 -4 27 11 23 61 24 18 33 75 14
24 13 24 61 16 12 32 60 -1 20 20 21 61 23 17 21 61 0
20 12 29 61 24 23 41 88 27 19 18 25 62 28 23 32 83 21
20 16 26 62 17 14 36 67 5 16 22 24 62 25 23 21 69 7
19 15 28 62 23 19 36 78 16 14 15 33 62 28 19 40 87 25
25 19 18 62 23 24 29 76 14 12 19 31 62 43 19 31 93 31
24 17 21 62 22 18 25 65 3 18 19 25 62 21 20 29 70 8
20 21 21 62 33 23 31 87 25 15 15 32 62 19 16 35 70 8
26 13 23 62 22 16 23 61 -1 18 16 28 62 23 14 41 78 16
17 13 31 62 20 19 32 71 9 14 6 42 62 20 13 27 60 -2
23 12 27 62 23 23 36 82 20 24 13 25 62 26 25 32 83 21
17 15 30 63 13 19 36 68 5 21 16 25 62 31 22 35 88 26
22 22 19 63 30 19 23 72 9 19 12 31 62 21 22 41 84 22
19 14 31 64 31 23 40 94 30 22 19 22 63 21 19 22 62 -1
24 14 26 64 21 16 13 50 -1 4 16 18 29 63 14 23 31 68 5
20 16 28 64 22 20 26 68 4 19 13 31 63 36 27 33 96 33
16 21 27 64 22 19 23 64 0 23 14 26 63 29 26 37 92 29
22 20 22 64 27 17 26 70 6 23 14 27 64 23 17 28 68 4
20 17 27 64 22 22 36 80 16 20 17 27 64 27 16 39 82 18
26 17 21 64 26 22 37 85 21 18 15 31 64 16 12 36 64 0
20 14 30 64 26 2k 38 88 2k
20 19 25 64 25 23 43 91 27
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APPENDIX I
DATA SHOWING RAW SCORES AND DIFFERENCE BETWEEN TOTAL RAW SCORES 
ON ARITHMETIC REASONING (A), ARITHMETIC CONCEPTS (B), ARITHMETIC 
COMPUTATION (C), AND TOTAL RAW SCORES FOR QUART ILE I I I  —
SRA ACHIEVEMENT TEST IN ARITHMETIC— FORM A,
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
EXPERIMENTAL GROUP ~  CONTROL GROUP ~
September, 1962 A p r il, 1963 ^  £  September, 1962 A p ril, 1963
A B C Total A B C  Total £ » -  A B C Total A B C  Total o
17 13 35 65 33 22 43 98 33 28 17 20 65 30 19 19 68 3
23 16 26 65 23 16 22 61 -4 18 23 24 65 31 26 32 89 24
17 17 31 65 18 15 22 55 -10 24 13 28 65 23 19 35 77 12
23 16 26 65 23 19 35 77 12 21 14 30 65 23 22 27 72 7
26 16 23 65 27 23 23 73 8 30 17 18 65 31 21 26 78 13
22 18 25 65 35 16 39 90 25 29 19 18 66 36 24 34 Sh 28
17 16 33 66 27 23 33 83 17 24 12 30 66 24 16 34 74 8
22 21 23 66 26 23 26 75 9 19 20 27 66 17 23 34 74 8
21 19 26 66 24 20 30 74 8 19 22 25 66 34 18 38 90 24
28 18 20 66 11 20 26 57 -9 25 15 26 66 33 26 31 90 24
19 12 36 67 26 22 25 73 6 20 20 26 66 15 19 23 57 “ 9
25 14 28 67 18 14 27 59 -8 20 17 29 66 33 17 36 86 20
16 21 30 67 30 27 39 96 29 29 16 21 66 29 23 24 76 10
13 21 33 67 17 21 35 73 6 17 18 31 66 27 18 27 72 6
21 13 33 67 24 15 23 62 -5 25 14 27 66 30 20 36 86 20
20 14 34 68 17 14 11 42 -26 25 17 34 66 20 13 30 63 -3
22 15 31 68 26 20 29 75 7 23 14 30 67 35 25 40 100 33
26 15 27 68 22 16 31 69 1 23 14 30 67 26 13 30 79 12
28 15 26 69 15 14 20 49 -20 25 21 21 67 23 16 26 65 -2
29 13 27 69 20 13 14 47 -22 27 13 27 67 25 17 35 77 10
27 15 27 69 19 15 28 62 -7 21 13 33 67 14 16 30 60 -7
21 19 29 69 25 18 26 69 0 24 18 25 67 14 20 10 44 -23
25 16 28 69 23 25 41 89 20 22 13 32 67 16 19 33 68 1
30 18 21 69 36 26 43 105 36 15 16 36 67 33 24 47 104 37






EXPERIMENTAL GROUP “  CONTROL GROUP =
September, 1962 A p r i l ,  1963 — 2  September, 1962 A p r i l ,  1963 <*T
A B C  Total A B C  Total Q i° A B C Total A B C  Tote IS
24 19 27 70 21 21 21 63 -7 27 14 27 68 27 22 41 90 22
25 20 25 70 20 21 22 63 -7 24 16 28 68 34 21 39 94 26
25 14 32 71 28 18 39 85 14 24 13 32 69 35 20 38 93 24
22 17 32 71 27 19 32 78 7 20 21 28 69 29 22 34 85 16
25 21 25 71 24 16 24 64 -7 18 12 39 69 22 17 34 73 4
21 21 29 71 24 29 23 76 5 22 16 31 69 25 18 32 75 6
2k 1 9 28 71 38 19 38 95 24 26 14 30 70 20 21 30 71 1
25 17 29 71 28 19 36 83 12 24 14 32 70 27 17 32 76 6
26 24 31 71 36 30 45 111 40 29 13 28 70 34 21 43 98 28
25 22 25 72 17 24 26 67 -5 26 19 26 71 24 19 39 82 11
2k 22 26 72 21 15 28 64 -8 23 20 28 71 45 31 40 116 45
22 19 31 72 36 24 34 94 22 31 14 27 72 32 18 34 84 12
21 16 35 72 27 24 40 91 19 26 23 23 72 36 28 23 89 17
30 16 27 73 23 21 30 74 1 33 12 27 72 32 19 31 82 10
26 18 29 73 17 11 22 50 -23 27 20 25 72 30 24 43 97 25
25 15 33 73 29 20 35 84 11 21 18 34 73 27 24 41 92 19
20 19 34 73 22 21 34 77 4 27 19 27 73 41 30 40 111 38
2k 17 32 73 18 17 35 70 -3 21 13 39 73 25 22 41 88 15
23 12 38 73 31 18 42 91 18 26 18 29 73 27 23 39 89 16
23 17 33 73 33 21 40 94 21 30 19 24 73 34 21 46 101 28
30 21 23 74 35 24 34 93 19 28 21 25 74 33 24 39 96 22
2k 20 30 74 14 23 33 70 -4 25 25 24 74 36 25 34 95 21
25 20 29 74 25 24 33 82 8 23 18 33 74 35 24 41 100 26
3k 13 27 74 31 21 29 31 7 33 19 22 74 39 21 40 100 26
25 17 32 74 25 26 33 84 10 28 12 35 75 25 18 36 79 4
17 18 39 74 33 16 32 81 7 22 19 34 75 26 22 44 92 17
23 15 36 74 26 16 41
83
9 25 15 35 75 18 21 36 75 0







EXPERIMENTAL GROUP £ £  CONTROL GROUP £  £
September, 1962 A p r il, 1963 September, 1962 A p r il, 1963 2
A B C  Total A B C  Total 'q °  A B C Total A B C  Totals £
27 21 26 7k 37 23 38 98 24
35 22 18 75 28 22 28 78 3
31 14 30 75 28 23 35 86 11
21 16 38 75 36 23 39 98 23
28 17 30 75 36 20 33 89 14
27 14 34 75 17 14 37 68 -7
21 17 37 75 3*+ 19 38 91 16
21 17 37 75 34 19 38 91 16
22 17 36 75 22 21 39 82 7
26 19 30 75 29 26 40 95 20
3** 15 26 75 31 19 40 90 15
24 23 29 76 k3 21 24 88 12
31 16 29 76 22 20 31 73 "3
23 ]k 39 76 22 19 40 81 5
27 21 29 77 37 26 37 103 26
22 22 33 77 16 25 28 69 -8
28 14 35 77 20 22 39 81 4
26 17 3k 77 29 23 41 93 16
25 20 32 77 32 23 38 93 16
28 18 32 78 18 20 33 71 -7
38 19 21 78 28 21 20 69 -9
18 25 35 78 25 23 26 74 -4
25 2k 29 78 35 26 39 100 22
28 78 28 22 ^7 97 »9
24 20 31 75 30 25 44 99 24
31 17 27 75 29 23 39 91 16
21 17 37 75 35 25 45 105 30
25 21 29 75 45 33 46 124 49
27 16 33 76 33 19 39 91 15
25 19 32 76 27 21 32 80 4
21 21 34 76 24 24 45 93 17
29 18 29 76 32 27 39 98 22
25 15 36 76 26 18 26 70 -6
34 21 21 76 22 27 42 91 15
28 13 35 76 34 27 35 96 20
23 19 34 76 37 26 42 105 29
26 17 34 77 31 24 43 98 21
31 18 28 77 22 25 24 71 -6
21 19 37 77 32 22 45 99 22
18 24 35 77 36 22 35 93 16
30 20 27 77 29 19 18 66 -11
28 18 32 78 35 26 33 94 16
28 17 33 78 23 20 33 76 -2
31 19 28 78 30 25 32 87 9
30 17 31 78 35 28 46 109 31
25 17 36 78 35 28 41 104 26
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APPENDIX J
DATA SHOWING RAW SCORES AND DIFFERENCE BETWEEN TOTAL RAW SCORES 
ON ARITHMETIC REASONING (A ), ARITHMETIC CONCEPTS (B ), ARITHMETIC 
COMPUTATION (C ), AND TOTAL RAW SCORES FOR QUART ILE IV—
SRA ACHIEVEMENT TEST IN ARITHMETIC— FORM A,
SEPTEMBER, 1962 AND FORM B, APRIL, 1963
EXPERIMENTAL GROUP ~  -  CONTROL GROUP — -
September, 1962 A p r i l ,  1963 September, 1962 A p r i l ,  1963 ^  S
A B C  Total A B C  Total o  °  A B C Total A B C  T o ta lo  °
31 15 33 79 36 22 32 90 11 25 24 30 79 38 27 31 96 17
24 21 3^ 79 31 25 40 96 17 35 15 29 79 29 15 27 71 -8
37 13 29 79 38 19 30 87 8 30 18 32 80 35 28 36 99 19
23 22 3k 79 31 23 44 98 19 30 22 38 80 30 22 38 90 10
30 14 35 79 2k 16 35 75 -4 27 21 32 80 33 20 33 86 6
28 19 32 79 32 26 44 102 23 28 21 31 80 37 25 45 107 27
29 19 31 79 21 21 33 75 -4 25 21 3k 80 32 27 44 103 23
29 15 36 80 35 26 37 98 18 28 19 33 80 37 26 40 103 23
36 1 1 33 80 32 24 36 92 12 30 19 31 80 28 25 47 100 20
36 1 1 33 80 32 24 36 92 12 32 15 33 80 43 27 44 114 34
22 27 31 80 31 29 29 89 9 26 18 37 81 30 25 44 99 18
27 2k 29 80 34 22 36 92 12 30 22 29 81 34 26 40 100 19
31 17 33 81 3k 25 38 97 16 31 16 34 81 21 16 40 77 -4
26 16 39 81 27 20 40 87 6 25 24 33 82 29 22 39 90 8
30 16 35 81 37 23 37 97 16 28 19 35 82 29 21 42 92 10
27 21 3k 82 36 28 39 103 21 30 19 33 82 33 26 37 96 14
25 19 38 82 28 24 33 85 3 31 13 38 82 31 23 37 91 9
2k 25 33 82 10 10 6 26 -56 24 17 41 82 37 28 45 110 28
28 25 29 82 42 25 34 101 19 23 24 35 82 27 27 45 99 17
32 17 33 82 #  • 17 34 82 0 32 23 27 82 34 26 36 96 14
31 17 34 82 29 24 27 80 -2 28 21 33 82 21 28 43 92 10
32 18 32 82 35 22 44 101 19 28 22 32 82 31 29 40 100 18
27 20 36 83 k3 21 37 101 18 28 18 37 83 30 21 32 83 0
28 20 35 83 35 24 41 100 17 26 21 36 83 28 19 43 90 7
27 27 2? 8? 2? 98 >9 24 1? 40 8? 24 19 7* -9
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APPENDIX J (Continued)
EXPERIMENTAL GROUP CONTROL GROUP
September, 1982 A p r il,  1983 It: © September, 1962 A p r il,  1983 ttl 
A . B C Total A B C Total °  A B C Total A B C  TotalQ
24 23 36 83 21 24 43 88 5 26 19 39 84 38 25 38 101 17
30 23 30 83 26 23 41 90 7 27 19 38 84 21 13 35 69 -15
26 22 35 83 31 28 41 100 17 29 17 38 84 32 22 40 9^ 10
26 20 38 8k 43 26 45 114 30 30 18 36 84 36 19 44 99 15
27 19 38 8k 17 13 34 64 -20 33 21 30 84 42 26 44 112 28
23 26 35 8k 46 31 h i 124 40 33 20 31 84 37 26 43 106 22
27 21 37 85 29 25 48 102 17 31 16 37 84 26 23 41 90 6
30 21 3k 85 kl 26 42 107 22 35 18 32 85 29 15 29 73 -12
31 22 32 85 33 21 40 94 9 30 21 35 86 39 24 45 108 22
26 22 37 85 2k 24 43 91 6 32 23 31 86 28 26 37 91 5
29 23 3k 86 28 29 37 94 8 31 20 35 86 33 19 34 86 0
27 20 39 86 35 25 43 103 17 29 22 35 86 38 28 40 106 20
35 20 31 86 39 21 42 102 16 39 24 24 87 26 27 18 71 -16
36 16 35 87 28 23 33 84 -3 32 17 38 87 16 14 36 66 -21
30 21 36 87 k2 24 40 106 19 28 23 37 88 38 23 49 110 22
27 21 ko 88 27 25 43 95 7 30 20 38 88 32 23 43 98 10
35 20 33 88 31 23 45 99 11 31 19 40 90 28 22 43 93 3
30 22 36 88 28 22 40 90 2 37 24 29 90 40 28 41 109 19
26 27 36 89 33 23 49 105 16 36 19 35 90 41 23 39 103 13
29 21 39 89 40 26 40 106 17 35 24 32 91 43 30 34 107 16
31 17 k] 89 31 22 40 93 4 38 20 33 91 35 23 40 98 7
31 20 38 89 38 23 40 101 12 30 29 32 91 31 27 44 102 11
30 21 ko 91 27 22 42 91 0 32 19 40 91 39 23 40 102 11
26 25 k l 93 32 27 45 104 11 25 26 40 91 44 31 46 121 30
30 23 41 3k 32 23 35 90 -4 29 18 45 92 40 27 41 108 16
37 23 3h 9k 40 28 38 106 12 26 29 37 92 36 23 36 95 3
27 28 ko 95 33 26 46 105 10 37 25 30 92 43 30 47 120 28
31 20 kk 95 37 30 49 116 21 33 20 40 93 41 30 h5 119 26






EXPERIMENTAL GROUP CONTROL GROUP ~
September, 1962 A p r i l ,  1963 September, 1962 A p r i l ,  1963 *■
A B C  Total A B C  Total a t -  A B C Total A B C  Total 5
29 24 43 96 46 27 44 117 21 30 22 42 94 32 28 40 too 6
32 26 38 96 28 29 42 99 3 31 20 43 94 37 27 44 108 14
35 22 40 97 40 26 42 108 11 37 17 40 94 33 31 47 111 17
32 22 44 98 40 31 48 119 21 31 25 38 94 40 27 41 108 14
33 26 40 99 37 30 45 112 13 35 22 38 95 46 31 46 123 28
32 23 44 99 45 28 49 122 23 29 25 41 95 17 17 35 69 -26
39 23 38 100 32 29 40 101 1 38 22 35 95 40 25
00 113 18
33 28 40 101 44 29 42 115 14 37 20 39 96 36 26 ■p
-
OO 110 14
28 32 41 101 38 33 46 117 16 34 24 39 97 40 27 41 108 11
37 24 40 101 35 23 48 106 5 34 24 39 97 44 28 43 115 18
30 29 43 102 36 27 47 110 8 41 22 35 98 42 26 40 108 10
32 29 41 102 43 29 46 118 16 37 21 40 98 47 27 32 106 8
38 24 40 102 40 23 41 104 2 29 28 41 98 43 32 45 120 22
41 28 36 105 40 30 32 102 -3 39 24 37 100 35 25 42 102 2
33 25 47 105 33 30 43 106 1 34 22 44 100 30 24 36 90 -10
34 29 43 106 48 30 45 123 17 40 20 41 101 35 29 47 111 10
41 24 43 108 44 28 50 122 14 32 28 41 101 36 29 46 111 10
41 27 41 109 46 30 41 117 8 37 23 42 102 40 24 25 89 -1 3
37 36 39 112 38 31 42 111 -1 33 27 42 102 42 31 45 118 16
43 30 44 117 48 34 48 130 13 47 28 50 102 47 28 50 125 23
27 31 45 103 43 32 46 121 18
41 25 40 106 39 33 47 119 13
38 26 42 106 41 31 46 118 12
40 28 39 107 47 32 45 124 17
38 28 41 107 42 29 45 116 9
13 32 43 108 30 30 44 104 -4
38 27 43 108 49 31 49 129 21
40 30 41 111 47 32 48 127 16
38 34 40 112 47 30 47 124 12
39 30 44 113 48 32 49  129 16







Univ. of Southwestern La. 
Lafayette, Louisiana 
A pril 30, 1362
Dear
I am proposing a study in mathematics for the 1962-63 school 
year with the eighth grade teachers and students of the white 
public schools o f S t. Landry Parish, Louisiana. I am sending you 
th is  le t te r  and the attached questionnaire that you may decide 
whether or not you would lik e  to be a p a rtic ip an t along with the 
other eighth grade teachers.
B r ie f ly , the study w i l l  be as follows:
Teachers w i l l  be placed in two groups--one designated Group A, 
the Experimental Group and the other Group B, the Control Group. The 
students who would o rd in a r ily  be assigned to you w i l l  remain in the 
same group as you. Teachers in Group A w i l l  meet a t the Paul Pavy 
School in Opelousas, Louisiana on the f i r s t  Monday of each month 
throughout the school year. The meetings w i l l  be from 4:30 p.m. 
u n til 5:30 p.m. At these meetings the teachers w i l l  be given lesson 
plans containing selected m aterial from the "new" mathematics program. 
The content in the lesson plans w i l l  be discussed and how to incor­
porate th is  m aterial with the textual m aterial w i l l  be shown. Teachers 
in Group B w i l l  meet a t the same time and place but on the second 
Monday of each month. These meetings w i l l  be devoted to discussions 
on how to develop meaning and understanding of the material from the 
ordinary class textbook.
An organizational meeting fo r both groups w i l l  be held on 
Friday, August 31, 1962 a t the Market S tree t Elementary School, 
Opelousas, Louisiana a t 3:00 p.m. At th is  meeting the complete 
program and resp o n s ib ilitie s  of teachers w i l l  be discussed and 
questions you may have w i l l  be answered.
Please return the questionnaire to me as soon as possible so that 
I may be able to place you in one of the two groups.
Your cooperation and p a rtic ip a tio n  in th is  program is g rea tly  





FACT SHEET ON ALL TEACHERS
PARTICIPATING IN THE STUDY
Name o f  teacher School Age
Type o f degree held In s t i t u t io n  granting  degree
Date degree granted. Sex
Years of teaching experience____________
Years o f teaching e ighth  grade mathematics
Other types o f  teaching experiences____________________________________
Recent in -s e rv ic e  work in teaching mathematics (where?, what kind?)
Do you teach in a s e lf-c o n ta in e d  classroom?
Do you teach in a departm entalized situation?.
I f  you are  not an upper-elementary major t e l l  what you are  c e r t i f i e d  
to teach and whether or not you are  working toward c e r t i f i c a t i o n  in the 
upper-elementary q rad e .
Describe
VITA
Dorris George Joseph was born May 9, 1922 at Palmetto, 
Louisiana.
He attended school a t Palmetto and Melv i l le ,  Louisiana, 
graduating from Melv i l le  High School in 1939. In 1951. he received 
the Bachelor of Arts degree from the University of Southwestern 
Louisiana, Lafayette, Louisiana. Two years la ter ,  he was awarded 
the Master of Education degree from Louisiana State University.
His experience includes two years of teaching a t the seventh 
grade level in Palmetto, Louisiana, ten years supervising student 
teaching a t the Hamit ton Laboratory School, University of Southwest­
ern Louisiana, and three years d irecting the Veteran's Memorial 
Trade School, Grand Coteau, Louisiana.
He is married to the former Myrtle Spears, and they have 
three ch ildren , Dennis, Donna, and Jeri Lynn.
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